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Abstract

Let k£ be an algebraic closure of a finite field of characteristic p > 0, and let G be
a split reductive group over k. Motivated by the geometric realization of affine Hecke
algebras and their role in the local Langlands correspondence with unipotent monodromy,
this paper studies a categorical refinement of the equivalence between the antispherical
module and the equivariant K-theory of the Springer resolution. Following the frame-
work of Arkhipov—Bezrukavnikov and related developments of Achar—Riche, we review
Gaitsgory’s central functor, Wakimoto sheaves and their filtrations, and the category of
Iwahori—Whittaker sheaves on the affine flag variety. Using these structures, together
with Tannakian formalism and de-equivariantization arguments, we construct the relevant
functors from coherent sheaves on NV to sheaf categories on the affine flag variety
and recover the Arkhipov—Bezrukavnikov equivalence through the Iwahori—Whittaker
category. The main result is a graded refinement: using the theory of graded sheaves, we

construct and prove the monoidal equivalence

By, : DOOMT *Eor (NY) = Diyy o (FI)

This gives a complete categorification of the equivalence
Mrasph — KGV xG,, (ﬁ\/)

retaining the G, -equivariant grading.

Keywords: Categorification; Arkhipov—Bezrukavnikov equivalence; de-equivarianti-

zation
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Chapter 1 Introduction

1.1. Historical remarks

The whole story begins with the local Langlands correspondence.

Conjecture 1.1.1 (Local Langlands correspondence). We fix a local field K and a split

reductive group G over K. Then there exists a canonical finite-to-one map

Irreducible smooth admissible Frobenius semisimple Weil-
representations of G(K) over C Deligne representations Wy — GV(C)

This correspondence is very difficult, and is fully established only in the case of GL,,.
However, one may restrict to unipotent monodromy, and the correspondence takes the

following form

Conjecture 1.1.2 (Local Langlands correspondence with unipotent monodromy). There

exists a canonical finite-to-one map

Representations of G, N Representations of Wy
with a non-zero I-fixed vector factoring through Wy — Z — GV(C)

Then note that the tamely ramified representations with unipotent monodromy coincide
with modules over the Hecke algebra #(G(K),I). This is equivalently our affine
Hecke algebra  base changed to C, # ®, ,1) C. Deligne-Langlands conjectured the

following.

Conjecture 1.1.3 (Deligne-Langlands). Irreducible F (G(K),I)-representations are
parametrized by G -conjugacy classes of triples (s, N, p), where s € GV is a semisimple
element, N € NV is a nilpotent element in the dual Lie algebra such that Ad(s)N = ¢N,

and p is a representation of 7y (Zgv (s, N)).

This is basically a translation of the local Langlands correspondence with unipotent

monodromy.

Then, Kazhdan—Lusztig proved the following geometric interpretation of the affine

Hecke algebra.



Theorem 1.1.4 (Kazhdan—Lusztig!'"). We have the following equivalence of algebras
H = K& *Cm(St")

where St¥ is the dual Steinberg variety StV = NV X prv NY and H is the affine
Hecke algebra.

Using this interpretation, they were able to establish the Deligne—Langlands conjecture.
The construction is as follows: let (s, N, p) be a triple, and consider K (B3%;), where
B denotes the s-fixed locus in the Springer fiber over N. This is a module over
KG"*Gm (StV). Then my(Zgv (s, N)) acts on this module, yielding a decomposition into
isotypic components. Taking an irreducible quotient yields the desired 7 -module. This is
how the tamely ramified, unipotent-monodromy case of the local Langlands correspon-

dence for split reductive groups is solved.

Then, Chriss—Ginzburg'™ refined Kazhdan—Lusztig’s proof. A central feature of the

refinement is that they used the following equivalence
Mrasph — KGV xG,, (jv‘v\/)

and the fact that these are faithful modules over the corresponding algebras to establish

the equivalence of algebras.

At almost the same time, people discovered the K-theoretic interpretation of the

Hecke algebra; see Proposition 2.5.6, essentially first established by Kazhdan—Lusztig!).

Thus, the above equivalence of algebras becomes an equivalence of K-groups, which

suggests a categorification. This was done by Bezrukavnikov*, although without the G,,

-action, in the following form.
Theorem 1.1.5 (Bezrukavnikov). There is a monoidal equivalence of categories
®; ; : D(I\LG/I) — DCoh®" (N xL NV)

where NV xﬁv NV is a derived fiber product, and this DCoh®" means its category

of coherent sheaves (naturally in the derived sense).
What’s more, he proved the monodromic version of the above equivalence, namely

Theorem 1.1.6 (Bezrukavnikov). There is a monoidal equivalence of categories

(1)10ny : DmOH(IO\LG/IO) — DCOhGV (j\\/‘\/ Xé\/ .7’\7\/)



where D™ denotes the category of unipotently monodromic sheaves.

This can be regarded as the unipotently ramified version of the geometric Langlands

program. Moreover, this result inspired Dhillon—Taylor for their work on the Betti setting.

Theorem 1.1.7 (Dhillon—Taylor™™)). We have an equivalence of monoidal co-categories

IndCoh (GY X v GV) ~ Shv., (I,.\LG/I
G G 0 0

nilp(
1.2. Main results

We let k be the algebraic closure of a finite field of characteristic p > 0, and assume that

G is a split reductive group over k.
We aim to categorify the central step in proving the above conjecture, namely,
Masph — KG' %G, (ﬁv)

(7]

so we follow Arkhipov—Bezrukavnikov!® and Achar—Riche!”, and recall the proof of the

following equivalence:

Theorem 1.2.1 (Main theorem'™). There is a monoidal equivalence of categories
® : DCoh® (NV) ~ D(!7)

although the version Theorem 2.4.1 is considered the more fundamental one.

The main technical difficulties of the paper'® are the construction of certain sheaves
that serve as generators for the right-hand-side category and a version of Tannakian

formalism used to construct the functor and prove the equivalence.

In the second part, we repeat the main result in the graded setting. Namely, we prove

the following conjectural statement.
Conjecture 1.2.2. There is a monoidal equivalence of categories
By, g : DCOME *Crn (NV) = Dy (F)
[8]

where Dgr(Fl) is the category of graded sheaves introduced by Ho—Li™.

In this paper, we will prove this conjecture, hence give a complete categorification of the

equivalence M = GG (]\7 V) :



1.3. Conventions

Involving derived categories:

(M

2

All derived categories (or homotopy categories) will mean bounded derived (homo-
topy) categories.

We will not consider the stable oco-structures of most derived categories, with the
exception that when we will define the category of graded sheaves. Instead, we will

work with the underlying triangulated categories.

Involving ¢-adic sheaves:

(1

2

3)

“4)

For X a stack of finite type over k or F,, We denote D(X) by its bounded derived

category of constructible ¢-adic sheaves.

As usual, we follow Zhu! for the following convention. For ind-schemes such as the
affine flag variety, we define its derived category of constructible ¢-adic sheaves via
taking the colimit, namely, for X = colim X, a presentation of an ind-scheme by its

closed subschemes, we define

D(X) = colim D(X;,)
If moreover in the previous setting, there is a pro-algebraic group K acting on the
ind-scheme X with nice conditions, we can fix a presentation of X = colim X, such
that X, is K-stable, and there is a finite type quotient K — K such that K acts on
X, through K. Then, we may define

For any stack X over k with a model X, over F,, we abuse notation and write

D, ixed(X) C D(XO)

to be the category of sheaves of integral Frobenius weights. This category is equipped
with a Frobenius weight structure, given by the natural Weil structure on complexes of
sheaves over X,. Likewise, for a morphism f : X — Y coming from f, : X, — Y,
we define f* 4 f, and f, - f using the corresponding operations on f,. This causes a
slight ambiguity, but it will not affect the final result, since all constructions involving
the mixed category are independent of the chosen model, in particular the definition
of graded sheaves. In particular, we assume our reductive group G has a split model

over I, for some g.

Miscellaneous:



(1) Sh(X) will denote any sheaf theory equipped with a nice enough six functor formal-
ism, in particular in this paper, it will only mean the usual derived category of /-adic
sheaves, the graded /-adic sheaves, or the mixed /-adic sheaves.

(2) We will use cohomological t-indexing and homological weight indexing.

(3) Let A be an H-equivariant ring. We define 1\/Iod§7fr to be the modules of the form
V ® A", where V € Rep H. Globally, let X be an H-equivariant scheme. We define
Coh{I(X) to be the coherent sheaves of the form V ® .






Chapter 2 Sheaf theory

2.1. The affine flag variety and I-equivariant sheaves

Definition 2.1.1. Let I C L1 G denote the Iwahori subgroup of LG. We define the affine
flag variety to be F1 = LG/I. Obviously, there is a projection map p : LG — LG/I.

We define D;(F1) to be the derived category of I-equivariant constructible ¢-adic

sheaves.

Construction 2.1.2. For a group G acting on schemes G ¢ Y and X v G, and sheaves
F € Sh(X/G), G € Sh(G\Y), we may define the F R G € Sh(X x€Y) via the

following process: consider the morphism
i:(X/G) x (G\Y) = (X/G) xge (G\Y) = X xCY
and we define ¥ K G = i'(FRG).

Then, if we have some G-equivariant multiplication map m : X x Y — Z, we

define the convolution product
F g §=m.(FRg 9)
Such convolution product is naturally associative for three spaces able to do convolution.

In particular, such formalism will be compatible with the pro-group acting on ind-
scheme formalism, since we may do the convolution for finite type groups on finite type

schemes by passing to the presentation.

In our case, X, Y, Z will be sets of the form IwI or Jwl /I, and the multiplication maps
are given obviously. Moreover, m will be ind-proper, so we may define the convolution

via m, rather than m,, which we will use later on.

Construction 2.1.3. Recall we have the extended Weyl group W = X, (T') x W;, with
the action of W, on X, (T') is by the natural action of the Weyl group on the coweights. We
have a length function making W' a quasi-coxeter group. Namely, we have it defined

by £: W' — N, given by for w = xt, where z € W; and A € X,(T)



Lw)y= Y [+ D [(ha)+1]

aERT a€ERT
z(a)eR* z(a)eR™

This gives W the structure of a quasi-coxeter group. In particular, W is generated by

elements of length 1 and 0.
We let /W denote the set of minimal length representatives of the cosets W/ W;.

Then, we have the decomposition

LG= ][ wr= [] ¥,

weWwext weWwext

and hence the I-orbits of Fl are indexed by W, In particular, we have F1,, = A*("*) (this
is because the finite parts of I are affine). Moreover, we define LG, = p~*(Fl,)) = TwI
where p : LG — F1 denotes the projection.

Construction 2.1.4. We let j,, : F1,, — Fldenote the inclusion of strata. We consider the

following sheaves in Perv;(F1) (which we will denote by %; for short)
Juwt = Juw! (@z [g(w)]>7jw* = Jws (@e [E(w)]) s Loy = Jut (@e [g(w)])
where Q,[¢(w)] is the shifted constant sheaf as a perverse sheaf on F1,. We define
IP = B Span{Ly,lw ¢ TW}
We denote the projection P, — /P, by F s I F

Likewise, in the mixed setting, we have the sheaves in Perv; ;. .4 (F1)

7= g (@t (2 52 = s (@ (442))

We have the simple objects (as below) pure in this setting, because it is an intermediate

L= (@e [£(w)] (@))

Note that in particular we have j,, = j., = d., the skyscraper at the unit coset fore € W

extension of a pure sheaf.

is the unit element.

We begin with some basic properties of these sheaves.



Lemma 2.1.5.
(1) For wy,wy € W= with £(wywy) = £(w;y) + £(wy), we have

]wl! *1 ]w2! = lewzl

and for wy,wy, ws € W™ such that £(wywyws) = £(wy) + £(wy) + £(wg), the
above isomorphism is compatible with the associativity of the convolution.
(2) The likewise result holds for j,,,.

(3) For any w € W there are canonical isomorphisms
jw! *r jwfl* = 56 = jwfl* *r jw!

Proof.
(1) By the formalism of Tits systems, for £(w;wy) = £(w;) + £(w,), we have the equa-

tion of subsets Jw, I - TwyI = Iw;w,1, and in particular, we have

LG, x!Fl, =Fl
1 2

w W1 Wo

then we have

Jwywy! = Juwywy! (@e) [(wywg)] = Jop w1 (@zw(wﬂ] X Q [f(wz)D = Juw, ! ¥ Juw,!
(2) Similar to the previous proof.
(3) It suffices to prove the assertion for w a simple reflection and for w of length 0, by

the associativity of the convolution product and the previous statements. To do this,

we verify the stalks of the sheaf j,,, *; j,,-1, vanishes outside I.

We compute the stalks of j,, *; j,,.. Since it is by definition /-equivariant, it
suffices to compute its stalks at zI where z € W™ We temporarily forget the
equivariance, and regard the convolution as a sheaf on F1 (rather than I'\ F1). By base

change theorem, we have
(jx! *r jy*)zI =m, (]m' gl ]y*)zI = RPc (mil(zI% (ja:' IZI jy*)’m*(zl))

We have an isomorphism F1 — m~!(21) given by gI + (g, g '2I). We consider the

following diagram



LG x Iyl > LG x F1

2Iy=tI > LG
LG x! IyI » LG x! Fl
X ) > Fl
Jzy

where the map f is given by g (g, g712I). Thus we may compute (3, X,
jy*) |m71(z n=17 ( Jo Xy jy*) as follows. We first forget the I-equivariant structure
on all sheaves, which allows us to pass to the upper level of the above diagram. Then,

we have

.f* (]m' X ]y*) = jm! ® f;]y* = jm! ® jz,y*@éw(y)]

which is because j, , : 21 y~1I < LG is precisely the pullback of Jy Iyl = LG
along the lift of f,, namely g — g~'z. Note that this is an isomorphism, so *-push-

forward commutes with the corresponding *-pullbacks. Thus, we have the formula
F (B jy*) =Ju ® jz,y*@e [£(y)]

Then, by the projection formula, we have
Jat ® jz,y*@e[f(y)] = Ja! (@e [¢(z)] ® j?;:jz,y*@e [ﬁ(y)]) = jm!j;jz,y*@é [£(z) + £(y)]
and hence a corresponding formula for compactly supported cohomology

RT, (m= (21, (o1 R o) lim-1(a1y) = BT (Fly, 554, Q0 ) [€(2) + £(y)]
Now, substituting = w, y = w™ !, and z = e, we have X = F1,, and hence

(Gur *1 Juw-1); = BT (Fly, Q) [26(w)] = RT, (AT, Q) [2¢(w)] = Q;

Then, forw = z = y € S, note that j,, *; j,,, has supportin F1, [[F1, = Fl, = P!,
by the property of proper pushforwards. Thus, it suffices to prove that j,, *; ... has
no support on wl. Note j,, : X < F1 can be identified as G,, < A!, removing the

10



0 (or oo, if we first embed F1,, < P! avoiding the 0). Hence, it suffices to prove that
RT, (Al s Tk (@AAI 0) = 0, which is well-known.

Finally, for £(w) = 0, j,1 = jus = 9., 1S again the skyscraper at wl, so obvi-

w

ously the assertion holds. Thus we have proven (3).
d
Corollary 2.1.6. The above lemma holds with j,, replaced by ju,, and j,, replaced
DY Jupa-
Proof. By doing the same process on the finite level (F1,) 0 gives the result. O

Lemma 2.1.7.

(1) For w € W™ we have non-trivial morphisms
Oc = Juts Jux = Oe
whose (co)kernel does not contain 6, in its Jordan-Hdolder series.
(2) If w=wywy € W™ wy, € Wt and £(w) = £(w;) + £(w,), then
dim Hom(jwll,jw!> =1 =dim Hom(ju;*7jwl*)
and the unique non-zero map is injective (surjective).

Proof. We only prove the statements for j,,, and the other side is obtained by Verdier
duality.
(1) For w € W of length 1 (i.e. a simple reflection), note F1,, = P!, so we have an

exact sequence
0—6, = Jy—L,—0

Then for general u € W2, we proceed by induction on £(u). Suppose w is a simple

reflection such that £(uw), taking convolution j,,, *; (—) gives a triangle

ju! - juw! - ju! *1 Lw
We first prove the final term is a perverse sheaf. We let I,, = I Ll JwI denote the
parahoric subgroup of LG. Then, since F1,, = P!, we have 7 : LG/I —» LG/, a
P!-fibration. Notice that on P!, we have j, (@5[1]) = Qy[1], where j : Al — P! is
the inclusion. Thus, we may compute j,,, *; L,, = 7*m,(j,,)[1]- Then, since 7 o j,,
is a locally closed affine embedding, we have 7*7,(j,,)[1] a perverse sheaf. Hence,

the above triangle is an exact sequence of perverse sheaves. Now, since j,,, only

11



contains one 4., it suffices to show that j,,, *; L,, contains no é,. This is because the
subquotients of 7*7,(4,,)[1] is of the form 7*(L[1]) (by adjunction, since 7 is proper,
we have 7* both left and right adjoint to 7, ), hence contains no J,.

(2) we have

Hom(jwllvjw!) = H0m<jw1!7jw1! *7 jw2!) = H0m<5e7jw2!)
SINCE Jyyo1y * Jop 1 = Oc- SO (2) follows from (1).

O

With these preparations, we may define the most important sheaves in Perv;(F1) we are

considering in this paper.

Construction 2.1.8. The functor A > j,, for A € X} (T) actually extends to A € X, (T').
Indeed, for A € X, (T) (or X*(TV)),welet A\ = pu — pforu,v € X (T). Then, we define
Jy = jtu* *r J;_ 1. These objects are called Wakimoto sheaves. By definition, we have

Ir 42, = i, *1 Jy, by the previous lemma on the computations of convolutions of j’s.

Lemma 2.1.9. We have RHom(JA,JM)zo unless A < u, and when A= p,
RHom(J,,J,) = Q,.

Proof. By Lemma 2.1.5, convolution against .J,, is invertible. So, we pick v > 0 such that

v+ A and v 4+ p are dominant. Hence we have

RHom(Jy, J,) = RHom(J,, s, J,,,) = RHom (J, x ) i)

and the computation of the final Ext groups are well-known. O

With some further work, we may compute the cohomology of Wakimoto sheaves through

a similar process.

Proposition 2.1.10 (Lemma 4.5.1"). For any A\ we have H™(F1,J,) =Q, if n =
(X, 2p) and 0 otherwise. In particular, for X\ a coroot, we have the cohomology of

Jy concentrated in even degrees.

Construction 2.1.11. Moreover, we may define the Wakimoto sheaves not just for A €
X, (T),but for general w € W*. Letw = t, - w;, we may define J,, = J,, *; Juw = (sOITY
about changing right 7, (X)) cosets to left cosets here, but we will not use the generalized

Wakimoto sheaves too much).

12



Lemma 2.1.12. The Wakimoto sheaves J,, for w € W are perverse.
Proof. We first take w = tgltﬂwf, where \, u € X (T), and wy € Wy Thus, we have
Jw = jtfk! *1 jt“wf*

Then, unwrapping the definition of the convolution map, we have

Ju =m <.7't,A! Xy jtuwf,*) =m (J}:,A x1 idm)! (@e[w(—)\)] X J'tuwf,*>

But notice that the composition of first two morphism is exactly the restricted multipli-
cation map m : F1_, x! F1 — FI, which is an affine morphism. But notice that f, for an

affine morphism is perverse left t-exact, so J,, € D=°(F1). Dually, by writing
J’w =m, (ldFl XI jtuwf>* (jt,m! |ZI @g [K(tuwf)] )

we have f, for an affine morphism perverse right ¢-exact, hence combining with the above

fact we have J,, a perverse sheaf. O

For the general Wakimoto sheaves J,,, we have the following lemma.

Lemma 2.1.13. We have Jy *; J,, = J, ,, for A € X,(T) and w € W;.

Proof. This follows from the definition of the generalized Wakimoto sheaves. O

2.2. Gaitsgory’s central functor

We now give a review of Gaitsgory’s paper!'”). In this section, we set k to be either I, or

Fq, and all schemes considered will be over this k. We will construct a central functor
Z : Pervy,-(Gr) = Perv,(Fl)

along with the following properties:

Theorem 2.2.1 (Theorem 1"'"Y). There exists a functor

Z :Perv;.s(Gr) — Perv,(Fl)

with the following properties:
(1) For any F € Perv.o(Gr), Z(F) is convolution exact (see Definition 2.3.5).

(2) The image of Z is central, that is, there is a natural isomorphism of functors

Z(—)*; (=) > (=) *; Z(—) : Perv,o(Gr) ® Perv;(Fl) — Perv;(Fl)

13



(3) Z is a monoidal functor between the convolution monoidal structures.

(4) The projection m, : Perv;(Fl) — Perv;.-(Gr) is a right inverse for Z.

Notice that the properties of Z for k = Fq gives the properties for /-adic sheaves, and k =

IF, gives the properties for mixed sheaves.
Theorem 2.2.2 (Theorem 2!'"%). The functor Z is equipped with a nilpotent mon-
odromy endomorphism
M:Z(—)—>Z(—)(—1)or M : Z(—) —» Z(—)
(the first endomorphism is for k=T,, where (1) denotes the Tate twist in

the mized case, and the second endomorphism is for k = Fq) which is a tensor

derivation of Z. That is, the following diagram commutes

M9~1 >|<id—|—id>|<M3~2

Z(%) 1 2(%) P Z(F;) % 2(F)(-D)
S
Z(% %106 %) P Z(F; g F) (1)

The likewise square commutes for k = Fq, with the Tate twists removed.

These functors will be crucial to constructing the equivalence. We will construct this
functor via nearby cycles, and prove centrality, which is analogous to the braiding of
the category Perv ., (Gr), via fusion. For these purposes, we fix a smooth curve X /k
(not necessarily proper) in this subsection. We first recall the definition of the Beilinson-

Drinfeld Grassmannian.

Definition 2.2.3. We define Gr to be the functor whose S-points are given by the set
of triples (y, F, B), where y € X is an S-point, F; a G-bundle over X x S, and S is a
trivialization of 7 outside the graph of y : S — X.

We slightly modify the above definition to obtain a factorizable version of the flag variety.

Definition 2.2.4. We fix a point x € X. We define Fly to be the ind-scheme whose S
-points are given by quadruples (y, %, 3, €), where (y, &, 3) are as above, and ¢ is a

reduction of J|,, ¢ to a B-bundle.
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Proposition 2.2.5. We have a projection Fly —% Gry. Moreover, Fly_, ~ Gry_, X

G/B, and Fl, = FL.
Proof. This is straightforward from the above moduli description. O

Construction 2.2.6. We first construct the nearby cycle functor used in this section. We
fix x € X a k-point. We let O denote the Henselization of the local ring Ox . Then,
let the geometric generic point and the geometric special point of O be given by 7 and
5 respectively. We let @ denote the integral closure of ( in the algebraic closure of its

fraction field K.

Then, for a scheme Y — X, consider the following pullback diagram

7 J
_— }/@ —
J

]

— Spec +——

UJ| <— fﬂh\<
3 +— N

We now construct the nearby cycles functor ¥ : D(Yx_,) — D(Y,) fork =F,. For
asheaf & € D(Yx_,), we define

V() =75 (Fly, ) [-1] € D(%)

Note Y; — Y is a Galois covering with Galois group Gal (E/ k) , so we need a final action
of Gal (E/k) on ¥’ (F) to descend it to a sheaf in D(Y;) = D(Y,,). For this, notice that
the Galois group Gal (E/ K ) acts on 7), so acts on F ])% , and hence on ¥’ (). Also, we

have an exact sequence
11— Gal(K/K) — Gal(k/k) — 1

we thus fix a splitting of this exact sequence ¢ : Gal (E/ k:) — Gal (f/ K ), and thus

define
U(F) = (V(F),(Gal(k/k))) € D(Y,)
where the pair is the descent datum of the Galois action.

Moreover, there is an extra inertia action I & ¥ (). We define the unipotent nearby

cycles WP (F) to be the subsheaf of ¥(F) where I acts unipotently (recall a priori a
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finite index subgroup of I acts unipotently on ¥(F) by the Grothendieck’s monodromy
theorem). We only consider the pro-¢ part of the tame inertia, since we are working with
¢-adic sheaves. So we have a unipotent action Z,(1) & WP (F). Then, we may take its

¢-adic logarithm and obtain an Z,-module morphism
Z,(1) — End (0" (F))
By tensor-Hom adjunction, we have thus constructed a monodromy endomorphism
M : GUiP(F) — gunip(F)(—1)

The most important aspect of this functor is that it preserves perverse sheaves (see Section

44"y That is, we have U"™P restricts to a functor

yuie : Perv(Yy_,) — Perv(Y,)
Since we will not use the non-unipotent version later, we will not use ¥, and so we replace
PP by ¥, Moreover, in the case we are concerned with, we will have ¥ = P,

Notice that in particular, the nearby cycles construction preserves the category of
mixed sheaves by the same paper''. Thus, as a result, the later constructed functor Z also

preserves mixed sheaves.

In the case of k = Fq, the Z, still exists, but since the Galois group Gal (E/ k) is
trivial, there is no data of the Tate twist. In this case, we obtain a plain nilpotent endomor-
phism Z(—) — Z(—).

Construction 2.2.7. We then consider some factorization constructions. We let Aut
denote the Virasoro group, which is the ind-group scheme of automorphisms of k[[t]].

Thus by definition, Aut acts on L*G, LG, and hence on Gr.
By definition, we have
Aut(k) = {ay + a;t + -+ € k[[t]] | agnilpotent, a; invertible}

with multiplication given by composition. We define Aut, to be its subgroup of series

with ag = 0.

For any curve X, we may construct an Aut,-torsor over X called the coordinate
scheme. The scheme Coord y has points given by the moduli of (z,t,), where x € X,

and t, € O)A(’x is a topological generator. This space moreover admits a Aut-action by
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noticing Coord ]Dw = Aut as a torsor, so gluing this construction together gives an Aut

-action on Coord x.

By definition, we have Gry = Coord y xAU Gr.

Construction 2.2.8. Finally we may construct the central functor. We first consider the

composition of functors

O*Aut(_) (7)&56G/B \IJX
Z :Perv,,(Gr) — Perv(Gryx_,) — Perv(Fly_,)— Perv(Fl)

We then show it upgrades to a functor Perv;.,(Gr) — Perv;(Fl). First, notice
any L*G-equivariant sheaf in Gr is naturally Aut-equivariant since Perv;..(Gr) is
semisimple, and any simple sheaf is by definition Aut-equivariant. Then, we take an
equivariant perverse sheaf & € Perv;.(Gr). We consider Supp Z (&), and note I
must act through a quotient I, (here I, denotes the preimage of B in L¥G rather than
L*G) on Supp Z(F), so it suffices to prove that Z(F) is I-equivariant.

To prove this, we first recall that I is the pullback group

I — B

|

LG — G

Since we may identify L*G = Hom(k[[t]], G) with the Hom stack, we may define
I8P to be the group functor sending a scheme S to the maps from the localization of
X x § around z x S to G, such that the restriction to x x S is mapped to B. This can
be regarded as the “global” version of I, and admits a map I8'°® — I given by taking
the formal power expansion at x x S. Clearly, I#°> — I — I, is a surjection. Thus, it
suffices to prove I8°-equivariance. However, 181°° admits the above global definition, so
we take an open set U C X x S containing z x S, and consider amap U — G restricting
to a map x x S — B. By the compatibility of nearby cycles with smooth pullbacks, it

suffices to prove for the following maps ¢, ¢y : U X x Fly — Fly,

‘IIUXXFIX (QO’{ (?X—m X 66@/3)) = \I’UXXFIX (903 (7X7m X 66@/3))
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where ¢, is the projection, and ¢,, informally, is the action of I8°" through U on Fl. The

verification of the above equivalence is done by the L™ G-equivariance. Readers interested

in the details can refer to Proposition 4 of the original paper''”.

Definition 2.2.9. We now construct the global action flag variety that allows us to prove
convolution exactness and centrality. We define FI&* to be the functor sending S to
quadruples (y, Fz, ', €), where (y, I, €) is as in the definition in Fly, and 5" now is a

trivialization of Jg; outside I, U (z x S).

Proposition 2.2.10. We have FI5"' | ~ Gry_, x Fl, and FI2* ~ F1.
Proof. Likewise to the proof of the previous proposition. O
Construction 2.2.11. We now construct the central isomorphism. We define a functor
C : Perv,,(Gr) x Perv(Fl) — Perv(FI)
given by the composition

(_)X—xlz(_) " ‘IIFlact
Perv,,(Gr) x Perv(Fl) —  Perv(FI¥' ) — Perv(Fl)

Then, Gaitsgory constructed isomorphisms

Z(F) 41 §=C(F,9) = G+ Z(F)

which gives the first two desired properties (see the proof of Proposition 6!'").

Definition 2.2.12. We finally construct the global convolution flag variety that allows us

to prove the monoidality of the central functor. Recall we have
Flo"v = F1 x! I\FI

is used in the definition of the convolution product of two sheaves. So, we make
the following definition. We let FI{"™ denote the functor sending S to the septuples
(y, I, B¢, 93, B, 81), where y : S — X is an S-point, F; and F are G-torsors, 31
a trivialization of F outside L, $ an isomorphism of F and FZ outside [, and finally

e and ! are reductions of F; and F to Batx x S.
This time, we have identifications

FI™, = Grig™, x G/B x G/B, FI™ = Fleon

x
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Construction 2.2.13. For the monoidality of Z, it suffices to prove

\IJFIS‘}“V (3}}_06 X ?)?—w X 56@/3 X 5€G/B) = Z(?l) g Z(‘SFQ) € Perv(Flconv)

which is likewise to the above constructions. In particular, we will use that taking nearby

cycles commutes with taking proper pushforwards.

For (4) of Theorem 2.2.1, this simply follows from the compatibility of nearby cycles with
proper pushforwards, namely by applying this fact to the projection 7 : Fly, — Gry. In
particular, since after pushing forward we are doing nearby cycles with respect to a trivial
family, the functor clearly gives id. This functor preserves weights, so m(Z(—)) = id

holds even in the mixed setting.

We have finished the review of the proof of Theorem 1 in the paper!'”. The fact that

Z admits a tensor derivation M follows from the fact that the compatibility of nearby

cycles with proper pushforwards respects the action of the inertia group.

2.3. The Wakimoto filtration

Now, we construct a filtration on the above central functor by Wakimoto sheaves. More

explicitly, we have the following proposition.

Proposition 2.3.1. We identify the categories Pervy.-(Gr) ~ Rep G'. Also, we
fix a total ordering % on X, (T) compatible with the group structure and with
the partial ordering <. Then, for any V € Rep GV, the sheaf Z(V) has a unique
filtration indexed by (X* (T), é) , such that the associated graded pieces satisfies

gr,(Z(V)):=2(V)e [2(V)., =], ® Wy

t
<

where J,, is the Wakimoto sheaves, and W7 is some finite dimensional vector space.

Lemma 2.3.2. Such a filtration is unique.

Proof. By Lemma 2.1.9, since the Ext groups of Wakimoto sheaves RHom(JJ,, J,,) are
non-zero only when A < pu, upon fixing the total ordering compatible with the partial
ordering and fixing the graded pieces, one can show that there is only one way to put the

graded pieces together, and hence the filtration is unique. O

We now move on to prove the existence of the filtration.
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Definition 2.3.3. For X € D;(F1), we set
Wi = {w € W5, (X) # 0}
and

W = {w e W7, (X) # 0}

Lemma 2.3.4. For X € Dy, there is a finite subset S C W such that we have for

all w € W, we have

I/Vj!w**IXa W x Cw-S
and

W)!f*ij*, W}*ij! CcCS-w

Proof. By proper base change, the support of j,, *; X is contained in the convolution
of Fl,, and Supp X. Hence to prove the assertion W' , y C w- S, it suffices to prove
the corresponding assertion for the convolution of sets. Since X is an I-equivariant sheaf,

its support & is an I-stable set. It suffices to show that there is some S C W, the

convolution

Fl,*, & C | | Fl,
veS-w
By decomposing & into I-orbits, the assertion follows from induction on the length of

elements. The other three assertion is similar. O

Definition 2.3.5. We define a perverse sheaf F € Perv;(F1) to be convolution exact if

F *; (—) is a functor from Perv;(F1l) — Perv,(Fl).

Proposition 2.3.6. Any convolution exact object in Perv;(Fl) has a Wakimoto
filtration. If such object is central, only the Wakimoto sheaves J, for A € X, (T)

will appear in the filtration.

Proof. Let X be convolution exact, and let S be as in Lemma 2.3.4. Then, writing the
set S = {s,} = {\w;}suchthat \; € X,(T) and w; € W}, we choose vy < 0 € X, (T')
such that —(vy + ;) is strictly dominant (that is, dominant and not lying in any wall).
Thus, by a direct calculation, we have Jt,yo s, = jt,yo 5,1 by expanding the definition of

Wakimoto sheaves. By Lemma 2.1.12, we have

20



Jo ax X=J, #; X € Perv,(Fl)
v

since X is convolution exact. We use that this sheaf lies in the category pDIZO (F1). Then,
by the gluing property of the perverse t-structure along closed and its complement open

subschemes, we have by Lemma 2.3.4

Supp (jt,yoy *p X ) c|| Fl, |

seS

so we have J, #; X lie in the subcategory generated by j, . [i] fori>0and s € S,
VO b
since the sheaf is perverse and constructible with respect to this stratification. Then, by

construction of v, we have by definition j, J; 5. Tosum up, we have
—v —vg

0~s,! -

J_,, *1 X €Span{J , [i]|i>0,s€ S}

and hence by Jy *; J,, = Jy 1,

J,x; X € Span{J, [i]|i>0,s€ S}

for any v. Then, choosing v a dominant coweight such that v 4+ A, are all dominant, we

have
J,x; X € Span{jtu_sy* | s € S}

where we do not need the shift because J, x; X is already perverse. This proves the

existence of the filtration.

For the second part specifying the graded pieces in the filtration, we choose A a
dominant coweight such that A - S and .S+ A are all in W;-orbits of strictly dominant

coweights. By centrality, we have
Wo s, = Wi x CWp- XFH(T) N XH(T) - Wy = XH(T)

hence the claim. O

Now, by the results in the previous subsection, we have constructed the filtration.

2.4. The lwahori—Whittaker sheaves

It turns out that we cannot directly prove the main equivalence. This is mainly because

D(I7,) + D, (F1). Instead, we will first prove the following

Theorem 2.4.1 (Theorem 3'). We have an equivalence of categories
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By : DCOhC" (W) — Dy (FD)

where Dy, (F1) is a certain category of Iwahori—Whittaker sheaves that we will
define below.

and then relate the category of Iwahori—Whittaker sheaves to the original category.

Theorem 2.4.2 (Theorem 2!Y). The averaging functor is an equivalence
Avy : 1P 5 Perv,,,(Fl)

Using the fact that D°(Perv ,,(F1)) =~ D,,,(F1) we will obtain the final result.

The way of passing through the Iwahori—Whittaker sheaves is partially inspired by
the method of Whittaker functions in automorphic theory. Moreover, these sheaves enjoy

the following property.

Proposition 2.4.3 (Lemma 1'*). By the formalism of highest weight categories, we

have a natural equivalence
Dy (F1) = D(Perv 5, (F1))
and hence we have fully faithful maps

Dy, (F1) C D(F1), Perv,,,(Fl) C Perv(Fl)

Definition 2.4.4. Consider K’ C K algebraic groups acting on some X. Moreover

suppose K /K’ is of finite type. Then, we define functors on the category of equivariant

sheaves (for any sheaf theory).

(1) Let res¥, : Sh¥(X) — Sh%'(X) denote the natural forgetful functor, or the -
pullback functor of sheaves along the projection X /K’ — X /K.

(2) Its left adjoint coind¥, : ShX"(X) — Sh¥(X). This is the shifted !-pushforward
functor along the projection (since 7 is smooth).

(3) Its right adjoint ind%, : Sh%"(X) — Sh®(X). This is the *-pushforward functor

along the projection.

Construction 2.4.5. Let G be an algebraic group acting on X. Let £ be a character sheaf
over G, that is, we have a morphism m* £ ~ £ X £, here m stands for the multiplication

map of the groupm : G x G — G.
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We define the category of (G, £)-equivariant sheaf over X to be defined via the

following descent:
ShE¢(X) = lim(Sh(X) =} Sh(G x X) = Sh(G x G x X)-)

where the morphisms in the limit diagram are given by either pulling back along the action

map of Gon X a : G x X — X, the multiplication map m : G x G — G, or by taking
exterior tensor product with the character sheaf.

By definition, Sh®(X) = Sh(%:9)(X).

Such construction is also compatible with the pro-group acting on ind-scheme

formalism.

Construction 2.4.6. We consider the negative Iwahori I—. We denote its pro-unipotent
radical by I, . Also, consider the loop group of the negative unipotent subgroup LN ™.

Consider the following additive character on LN ~:

z
LN~ <N~ —- N /I[N",N7| =G, — Al
where the first morphism is given by taking residues, the second is the natural projection,
and the third is obtained by identifying N~ /[N~, N~] with a direct product of G,’s

indexed by the simple roots and taking sums. This character induces a character ¥ : I, —

G, given by first restricting to the subgroup I, N N and then extending to the group I,.
Then, since we are in characteristic p, consider the Artin-Schreier covering
AS =P —x: Al — Al
We have
45,(@)= D <
P, —Qp

where £, is a character sheaf over G, = A! where the Galois group acts as . We fix any
1, and denote the corresponding £, by AS. Now, pulling this sheaf back along the map

LN~ — G, gives a character sheaf over LN .

We let Dy, (F1) and Perv,,(F1) denote the corresponding (1, U*(AS))-equivari-
ant derived categories of £-adic sheaves and perverse sheaves (using the pro-group acting

on ind-schemes formalism as in the paper'”). Since 1, is again contractible, and the I -
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orbits in F1 are affine, D,,,(F1) C D(F]) is a full subcategory, and D®(Perv ,(Fl)) =
Dy, (F1).

Construction 2.4.7. We now construct certain Iwahori—Whittaker perverse sheaves.
Let i, : F1¥ — FI denote the I; -orbit in F1 corresponding to I; wl. We let w € /W
denote the minimal length element in the left coset wa. Then, for w € TW, we have
Stab (wl ) C ker W. Hence, the definition ¥,, : F1* — G, can be obtained by factoring
U : I;7 — G,. Thus, we define for w € W

Ay = iy Uy (AS) [U(w)], V, = 1, Uy, (AS) [ (w)]

w w*x Tw

We sometimes abuse notation and define A, := A and V, :=V,, where A € X, (T),

and w is the element in W such that w € W;t, C W** is of minimal weight.

Then, we define IC,, = i,,, V% (AS)[¢(w)]. Since ¥} (AS) is an irreducible local

system, IC,, is a simple perverse sheaf viewed in Perv(F1). Clearly, these simple objects

generate Perv,, (F1).

Construction 2.4.8. We may relate the category of Iwahori—Whittaker sheaves and the -
equivariant sheaves on the flag variety through the following averaging functor. We define
Avy : D;(F1) = Djy(F1) by F = A, *; F. Here Av stands for averaging. A_ x; F
is indeed an Iwahori—Whittaker sheaf, since pullbacks commute with convolution, Iy
is conjugate to I, by w,, F is I,-invariant, and A_ transforms by tensoring with the

character sheaf.

We now present some basic properties of the functor Avy,.

Proposition 2.4.9.

(1) Avg(L,) # 0 iff w e TW.

(2) A, =V,.

(3) For any w € W, we factor it as wy - w’, where wy € Wy and w’ € fW. Then,

we have
AV\II (jw!) = Aw”AV\II(jw*) = Vw’

Proof.

(1) If w e fW, then the support of A_X; L, is I; I x! Fl . Notice that I; I =
e 2] 0 w 0

w

IywyI = I'wyI, so by the minimality of the length of w, we have the convolution map
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Fl x! F1 — F1 the identity on the generic point of the support of A_ X; L,,. Thus,
A, *p L, # 0. Then for the converse, if the length of w is not minimal in W} - w
say sw < w for some simple reflection, then we have L,, equivariant with respect
to some minimal parahoric . Also, the functor A, x; (=) : Dy (F1) — Dy, (F1)

factors through the projection =, , where 7, : LG /I — LG/ I is the projection. But

S%
notice 7,,(A,.) = 0 since the character ¥ is non-trivial on the image of the Tw,I, so

we are done.
(2) Firstly, notice that ¥ is non-vanishing on any point of

— Fle = U Twl

w<w,

Thus A, = V, are both the constant sheaves supported on F1°.

(3) It suffices to prove Avy (j,,1) = A, since the other one follows from duality. Firstly,
if already we have w € fW, the assertion is trivial since analogous to (1), we have the
comparison map an equivalence on F1", and analogous to (2), we have LHS vanishes

outside F1* (RHS obviously vanishes outside F1¥). For general w, the formula

follows from
Ae *r jw! = Ae *r jwf! *r jw/! = (Ae *r jwf!) *r jw/! = Ae *r jw/! = Aw/!

where the first equality is by Lemma 2.1.5, the second by the associativity of convo-

lution, and the third follows from Lemma 2.1.7.

a

It turns out that Avy, is an equivalence of categories /P — Perv,,(F1). However, we
will not be able to prove this for now. Instead, we will prove the following proposition
and delay the proof of the above fact until the end of the proof of the main theorem
Theorem 1.2.1.

Proposition 2.4.10.

(1) We have the functor Avy : D;(Fl) — Dsy,(Fl) restricts to a functor
Perv;(Fl) — Perv,, (Fl).

(2) This functor factors through the quotient Perv (F1) — /2.

(3) The induced functor P — Perv ,,(F1) is fully faithful.

To prove this, we construct its right inverse.
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Construction 2.4.11. We first wish to construct a functor Av; : Djy,(F1) — D;(Fl).
However, since Dy, (F1) is a twisted equivariant derived category, direct induction does
not seem to work. In the setting here, we are lucky enough: we have I, N I = tL*G, and
the residue map LN~ — N is obviously trivial on LN~ N tL*G. Hence, the restriction
to I;; NI = tL*G gives a non-twisted ¢t Lt G-equivariant sheaf. We may define Av; to

.11 Iy
be ind; ;. res, -

Then, to obtain an inverse on the level of perverse sheaves, we consider the compo-
sition
Avy ppr¢(wo)
Perv,,, (Fl) — D;(F1) — Perv,(Fl) - /P
where w, is the longest element in the finite Weyl group. We denote this functor by F'

(since we will not really use this functor after the proof of Proposition 2.4.10).

Lemma 2.4.12. We have F o Avy, = id restricted to 72.

Proof. We wish to compute for F € Perv(Fl) the object F o Avy (/7). Expanding

definitions, we have

FoAvy(fF) =T (PHA ) (Av (A, %, 1F)))
We break this series of functors from inside.
We have first
Avi(A, # TF) =T (Av,(A,) %, F)

this is because projecting to /2 commutes with everything, and left Iwahori averaging by

construction commutes with convolution on the right.
Then, we must compute the cohomology
PH) (1A (B,) %, 5)) = (PH (Avy (A, [l(wy)]) *; 7))

where we put the cohomology index inside, and move the projection outside.
We first compute pHO(AVI(Ae[z(wO)]>)~ We first construct a morphism j,, , —
PHO (AVI (AE[E(wo)])) with cofiber lying in PD;°.

For this morphism, note

HomD,(Fl) (X, Avi(A)[E(wy)]) = HomD(Fl) (X, A [€(wo)])
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For the right hand side, note D,;..(Fl) C D(FI) is a full subcategory since
tLTG is unipotent (contractible), and the sheaves should lie in D,;.(F1). Then,
the proof of Proposition 2.4.9 gives RHom(L,,,A,) =0 for all e # w € W, and
Hom(6,, A, [£(wy)]) = Q,. Hence by Lemma 2.1.7, note that j,,, (for w € W) contains

only L,, (w" € W} also) in its composition series and exactly one d,, so we have
Hom p, (§,1, Avi(A,)[(wp)]) = Q,
and for w < w’, the composition of the inclusion with the unique non-zero map
Juwt < Juwn = Avi(A)[€(wg)]

is also non-zero again by Lemma 2.1.7. Hence, the cofiber C of j,, — Av (A,)[4(w)]
has the property that for every w € Wy, Hom(j,,, C[i]) = 0 for i < 0. Moreover, since
Av;(A,) is supported on the finite part W, I, we have C' € »D>°. Moreover, the map
Tyt = PHO(Av;(A,)[£(w,)]) is an isomorphism in the category Perv,(Fl) since its

kernel must be of the form j,, for some w € W, which is not possible since
jw! = jwo! — AVI(Ae)[E(wO)]
is non-zero.

Hence, we have finished the following reduction.
! .
P(PHO(Av (A, 6(wo)]) %, F)) = (PH (G %1 F))

Finally, since /L, = 0 forall e # w € W}, we have the final perverse sheaf T itself.

Hence F' is indeed a right inverse! O
Proof. We now prove Proposition 2.4.10.
(1) To prove that Avy, restricts to a functor of perverse sheaves, we need the following

characterization (by the gluing definition of perverse t-structures) of their perverse ¢

-heart. Namely, we have
Perv,(Fl) = Span{j,,[i],7 > 0} N Span{j,.[i],i < 0}
and
Perv,y,(F1) = Span{A,,[i],7 > 0} N Span{V . [i],i < 0}

However, we know by Proposition 2.4.9(3) that Avy, preserves exactly these objects.

Hence Avy, restricts to a functor of the categories of perverse sheaves.
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(2) This is by the universal property of Serre quotients and Proposition 2.4.9(1).

(3) With the previous lemma, we are very close to full faithfulness. For this, we need the
following claim on Abelian categories: if a functor F' : A — B of Abelian categories
satisfies the following list of properties
(a) F is exact.

(b) Every object of A is of finite length.

(¢) F induces an isomorphism on the Hom groups
Hom 4(Ly, Ly) = Homg(F(L,), F(Ly))

for all irreducible objects L, € A.
(d) F has a right inverse.

then it is fully faithful. This is a simple fact obtained by applying induction on the
length of A, B € A to prove Hom 4 (A, B) = Homyg(F(A), F(B)).

Now, we apply this claim to the functor Avy. Note that (1) provides that Av,

is t-exact, so we have Avy, exact after restricting to the category of perverse sheaves.

(2) is naturally satisfied by the category of perverse sheaves. Then, note
AV\I/ (Lw) = AV\I/ (1m(jw' — ]w*)) = lm(Aw - vw)

are simple, and these objects are distinct since they have different supports. Thus
by the property of morphism of simple objects, (3) is satisfied. (4) is verified in the

previous lemma, so we are done.

2.5. Hecke algebras

In this subsection, we identify the K°-groups of certain sheaf categories, allowing us
to explicitly handle the computations of some Euler characteristics, for example in
Lemma 3.3.5.

Definition 2.5.1. Recall that for a reductive group G, we define its affine Hecke algebra

J to be generated by the following objects and relations:

(1) Let H be a Z[v, v!]-algebra with generators H,, for w € W,

(2) The relations are given by (H, + v)(H, —v™*) =0 for s € S a simple reflection,
and H H, = H,, for {(u) 4+ £(v) = {(uv).
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We let M*PP = 7 ® ¢ triv, where 7 is the finite Weyl group.

Recall that the Hecke algebra admits a Kazhdan-Lusztig basis B,,. Clearly, we have
Z ®zy,p-1] H = Z[W]. We will also denote the basis of this algebra by H,,.

Proposition 2.5.2. We have Z[W] = K°(D;(F1)), where the morphism is given by
(=)W H s [j,.]. Moreover, (=1)*")B_ s [L,].

Proof. First, note j,,, generates the category D;(F1), so this morphism is surjective. Then,
since these sheaves have different supports, taking the homology of the stalks gives a

function

o o KO(Dy(F1) = Z, ¢, ([F]) = ) (~1)" dim H™(Fl,,, j3,F)

nez

satisfies @w([]u*]) = (_1)€(w)5

map is injective.

so these [j,,,] are all linearly independent. Hence, the

w,u’

Thus, the map is a bijection of Abelian groups, and it now suffices to show that it is
a morphism of rings. But this is equivalent to
[ju* *r Jv*] = [Ju*][]’u*]

This is true because for £(v) = 0, or £(uv) = £(u) + £(v), the statement for underlying
sheaf holds by Lemma 2.1.5. If ¢(v) =1, {(uv) = ¢(u) — 1, so since v is a simple

reflection, we have

sl el = sl

and since the simple perverse sheaves are preserved under Verdier duality, we have, by

explicitly writing out the exact sequence on P! ~ FI_,

[jv*] = [jv!]
Hence,
[juv*] = [Juv*][]v*][]v'] = [Ju*”jv'] = []u*][]v*]
The part on Kazhdan-Lusztig basis is standard. a

Then, we relate this construction to the K-group of Affine grassmannians.

Proposition 2.5.3. We have an isomorphism

7z ®Z[v,v—1} MSph = KO(DI(GI'))
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such that the projection F —s MP® corresponds to m, : F1 - Gr.
Proof. Likewise as in the above. O

Definition 2.5.4. We define 0, = [J,] € H[W] to be the class representing the Wakimoto
sheaves. We may upgrade this construction to the Hecke algebra by taking 6, = H, H; 1
forpy—v=>XAand pu,v € X,(T)".

Proposition 2.5.5. For any V € Rep GV, we have

Z(V)]= > dimVT'=*.0, € K°(D;(F))
AeX,(T)

Proof. The proof of this proposition relies on Proposition 3.2.9. The rest follows from the

Wakimoto filtration. O

Then, to give a more delicate characterization of the nilpotent endomorphism My, we

give another calculation (though standard) on the Hecke algebras and K-groups.

Proposition 2.5.6. We have an isomorphism
R ®zpy1) H = K°(Dj ivea(F1))
sending  1® H, — (—1)*[jm ] and v [@e(—l/Q)] . Here R=
K° (Dmixed (Spec IE‘q) ) .
Finally, we still have 1 ® B, + (—1)*™@[L™].

Proof. Again this morphism is surjective since the standard objects generate the K -group

under R, and injective since we may again take the stalks at each point
pw + KO(Dr(F) = R, 0, ([F]) = [72,(F)] € K°(Dyixea(SPecE,))
where we may regard [j% (#)] as a mixed sheaf on a point since it is a constant sheaf, so
it is an isomorphism of R-module.
Now, for this to be an algebra morphism, we need
o *1 o] = [T
for £(u) 4+ £(v) = £(uv). This holds by a mixed version of Lemma 2.1.5. Finally, we still

need
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(w1 [o ) (- )] =

This follows from the exact triangle over P! = FI_ (i : co < P!, j : Al < P1)
R I C
L (5) - @l(5) - 2.5T(5)

Note j,5*Q,[1](1/2) = j™. Then, note

iq,1)(3) = pepa(3)

= i 1))
- b (1)(5)

= Q,-11(—3)

Thus we arrive at a triangle

which gives the relation
el = [L& +v
SO
(H, +v)(H, —v™!) = [LP]([L] + 0+ 07

but by an explicit computation of the convolution L7* *; LT* on SL,, we have the right
hand side hold. O

Proposition 2.5.7. Again, we have
R ®z1y,0-1] M = K°(D;(Gr))
with the projection H — M corresponding to ..
Proof. Likewise as above. O

Proposition 2.5.8. For any A € X, (T)*, the class [Z™(V})] € R ®, ,-1) H is given
by
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S dmy
peEX,(T)

where 03" is the element in the K-group represented by [JY'], and J* = Tpe *1 J0

is the mized version of the Wakimoto sheaf.

Proof. Let

Q — Z ,UQZ(w)

This time, counting in the weights, by the projection formula we have
m,G m,G
[W*W*];ﬁ* r] =Q [.7;1!* r}

Then, since we have 7* j;”;c'r is simple since 7 is smooth, we have this sheaf of the form
gm. forsome w € W, Then, we can obviously identify w as the maximal length element

with F1,, mapping in Gr,, which we will denote by n,. Thus, * 7" = Tt

Then, note 7 : Fl,, — Gr, is an affine fibration of dimension £ (wg). Thus, we may

compute
[W*W*j;ﬁf;r} = (_U)Z(wO) [W*jnmA!*}

Thus, we have

m T 1
[j)\!;G] = 6(_1)z(nx>—e<wo>ve(wo> B, € R®g 1 M

But by Kazhdan-Lusztig theory we have

B, = (_1)8(“‘)\)_@("”0)31”0 ( Z dim V)\Tv:“ : 921)

peX,(T)

But note in M*P!, we have Q = vz(wo)Bw by a standard computation of L,, . Hence the
0 0

result follows from that Z () — H — M"P! is injective, which is well-known. O
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Chapter 3 Constructing and proving the equivalence

Now, we move on to construct the functor and proving the equivalence.

3.1. The de-equivariantization principle

In this subsection, following Achar—Riche!”, we will state the de-equivariantization prin-
ciple (originally developed by Bezrukavnikov in his work). This will allow us to build up

the desired equivalence step by step.

Remark 3.1.1. In short, the de-equivariantization principle answers the following ques-
tion. Given a reductive group H, a commutative ring A equipped with an H-action, we
may define the category Modfﬁ{fr with objects given by the finite free H-equivariant A
-modules (explicitly, modules of the form V' ® A™ where V € Rep H), and morphisms
the H-equivariant morphisms. Now, suppose we have another monoidal Abelian category
A and a monoidal functor Rep H — A, when can we lift this functor to a monoidal
Modﬁ{’fr — A? We will first display a toy example that will turn out to be much more

useful than it seem.

Construction 3.1.2. We first take A4 = Mod%, where K C H is a subgroup acting on a
ring B. Then, we have a symmetric monoidal functor Rep H — ModZ% given by V
V|x ® B. We claim that an upgrade of this functor to a symmetric monoidal Mod# —
Mod¥ for some H-equivariant ring A is equivalent to a K -equivariant morphism A —
B.

For one, such morphism clearly gives rise to the tensor functor M — M ® 4 B. For

the other, suppose such a lift exist, recall that by the Peter-Weyl theorem we have

OH)= P VeV €lnd(RepH)
AeX*(T)*

By definition, H-equivariant module is an O( H )-comodule, where the coalgebra structure
of O(H) comes from the group structure of H. Thus, this object satisfies the universal

property that
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Homy,g(voatr) (M, O(H) ® N) = Homyyoq , (M, N)
and in particular we have
Homy,gnoarr) (A, O(H) @ A) = A
where this isomorphism respects the algebra structure of A.

Thus, a symmetric monoidal functor Mod# — ModZX asserts firstly that A — B,

so upon ind-completing the functor, it induces a morphism
Homy, 4 (noqt) (4, O(H) @ A) — Homygvjeax) (B, O(H) @ A)

On the other hand, the right hand side Hom can be identified with (O(H) ® A)%, so we

obtain an equivariant map A — B by

A = Homyg(njoqr) (4, O(H) ® A)

— Homy,g(voax) (B, O(H) ® B

~—

— (0(H) ® B)K
— (0(K)® B)¥X =B

the two constructions are evidently inverse to each other.

Construction 3.1.3. We then treat the general case where we wish to find the monoidal

lift £’ of the symmetric monoidal functor F

F
RepH —— A

A
7’
s
Ve
7z
7 ~
7z
. F
7
7z

H
Mody i,

where A is assumed merely to be monoidal. The method is to reduce to the previous
case. Since Rep(H) is symmetric monoidal, the commutativity constraint V; ® Vj =~
V, ® V] is sent by F' to a commutativity constraint F'(V]) ® F(V,) ~ F(V,) ® F(V}).
Then, we construct a faithful functor of monoidal Abelian categories of € C .A. We define
C to be the category with objects the same as Rep H, and for objects V, V', we define
Home(V,V’) C Hom 4(F(V), F(V')) to be the subgroup of morphisms f such that for

any object V” the following diagram commutes
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id® f
FV"®F(V) —— F(V")® F(V’)

l f®id l

FV)®@ F(V") —— F(V')® F(V")

We first attempt to identify this category €. Notice that € inherits the monoidal
structure from A, and moreover the above commutative square makes € a symmetric
monoidal category. We claim that € can be identified as a symmetric monoidal category
with 1\/Iodg,flr for some B. Firstly, we have the symmetric monoidal functor F :
Rep(H) — A factors through the inclusion € < A, in which we denote the factoring
by Fp : Rep H — €. We define

B = Homlnd(C’)(16’7 Fe(O(H)))
Then, we may construct a functor H : € — 1\/Iodgfr given by
H (V) := Homyyge)(le, Fo (V) ® Fp(O(H)))

By moving Fp(V) ® Fp(Oy(H)) = Fo(V ® O(H)), we may twist the H-action on V/
into O(H) through an isomorphism of H-modules. Thus, we may assume V' is a trivial
H-module, and we move V to the outside and we may identify H(V) =V ® B (as a
direct corollary, H is essentially surjective). With the same process, we see that H is fully

faithful. By unwinding the definitions, we see H is monoidal.

Hence, we have the data of a lift F' coming from an H-equivariant map A — B for

B defined above.

Remark 3.1.4. Actually, the full content of the de-equivariantization principle extends
further. Recall that we may define for a ring A the concept of A-linear categories. We
may extend this definition to XX'-linear categories, where X is a general stack. Notice that
a monoidal functor of monoidal categories Rep H — A is equivalent to a BH-linear
structure on A (here BH is the Artin stack of the delooping of H). Then, an extension to
Mod% i, — A is equivalent to a ((Spec A)/H)-linear structure on A.

So, one may expect that the de-equivariantization principle would provide the

equivalent piece of data of upgrading a BH-linear category into a ((Spec A)/H )-linear
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category. Explicitly, this piece of data is an H-equivariant A-linear structure on Ay,

where A, is the O(H)-algebras in A.

3.2. The construction of the functor ®

We first give a brief outline of the construction of the equivalence @ (the functor in
Theorem 1.2.1).

Construction 3.2.1. We wish to construct a functor originating from DCoh®" (N V).

Recall that the Springer resolution NV on the dual side is given by
BY x g" > NV ={(b,z) € BY x g¥|x € b}

However, NV is the total space of a vector bundle over a projective space, hence highly
projective in nature. This blocks our way to analyse the structure of its category of coherent

sheaves directly.

The way to get past this is considering the TV -torsor G¥ /U —» BY.Itis well-known
that GV /U" is quasi-affine. By the Peter-Weyl theorem, the affine closure of G¥ /U is
given by

GV /UY = SpecO(GY/UY) —Spec( @ K)

AeX, (

Here, we give a commutative ring structure on €p V5. Firstly, the underlying k-vector
space structure of this ring is the direct sum of all finite dimensional G -representations.
Then, notice that by the formalism of highest weight representations, we have a non-trivial

morphism (up to scalar, so we fix one compatible with each other)

m)\—i-p : V;\®V; _)V;\—i-p
which is defined as follows: notice that the highest weight line b, C V) and the highest
weight line b, C V, gives a highest weight line by ® b, C V, ® V,,, and hence a factor

Viip & VA ® V. Since the category of G -representations are semisimple, we get a

projection Vy @ V, = V), ..

We first let the preimage of NV in GV /U" x g¥ be NV. Then, since NV is closed
in GV/U" x g", consider the ideal sheaf associated to it, say J C Ogv/gyvyqv- Then,
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J(GYJUY x g¥) C O(GY/UY x g") is an ideal, which gives rise to a closed subscheme
of GV /UV x gV, which we call N i Clearly, we have

Ng\j,/ff XG\//UVXQV (GV/UV X g\/) = N\/
and the inclusion N’V C & e exhibits NV as a quasi-affine scheme. We denote its
boundary by ONY := NV — NV,

On the other hand, the category of perverse sheaves Perv;(Fl) is not monoidal,
since convolution takes objects out. We must replace it by the monidal category
Pervy®(F1), which is the subcategory of Perv(Fl) consisting of objects admitting a
filtration by Wakimoto sheaves. This category is monoidal since J *; J,, = Jy,, and it

is still large enough to contain the image of the central functor Z.

With the above definitions, our way to define the functor ® can be summarized as
follows:

(1) Find a monoidal functor
®, : Rep(GY x TV) — Pervy®i(Fl)

and find the factoring through the faithful subcategory € C Perv¥ai(Fl) (con-

structed in the previous section, proven to be equivalent to a module category), whose

induced functor Rep(GY x TV) — € is symmetric monoidal.

(2) Extend it via the de-equivariantization principle to

o, : Cohfcr;vxTV <'G\//Uv % gv> SC Perv\}vaki(Fl)

(3) Restrict again via the de-equivariantization principle to

®, : Coh§ T (NYy) — € < Pervyki(Fl)

(4) Post-compose the inclusion Perv}?¥(F1) < Perv;(F1), and take homotopy cate-

gories. We have by definition
K (CohgvXTv (]Tf:ff» = Perf@ *xT" (]/\\f;/ff)
and for the regular stack &'V /(GY x T"), we have
PerfG ' xT" (]/\\f;/ff) = DCoh®" T’ (.77;%)

Hence we arrive at a map
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K(®,) : DCoh®*T" (NY;) — K (Perv,(Fl)) - D(Perv,(F1))

We then show the complexes of sheaves supported on ON are sent by ®; to acyclic

complexes, so we obtain a functor

®; : DCoh® *T" (N) /DCoh® *T" (NYy) = DCoh®"*T"(NV)

ANV
— D(Perv;(F1))

But we have by definition

DCoh®*T"(NV) = DCoh®" (M)
Then by projecting to f7;, the construction of ® is done, although we will more often
use the functor with image D(Perv,(F1)) rather than the one with image D(7%).

We then exhibit the four steps stated above more clearly.

In these steps, we make more use of the Wakimoto sheaves, especially the Wakimoto

filtrations, proven to exist for central convolution exact sheaves, for example the image

of Z, as in Proposition 2.3.1.

Definition 3.2.2. Firstly, we let Perv}®¥(Fl) denote the subcategory of Perv;(Fl)

consisting of objects admitting a filtration by Wakimoto sheaves. By Lemma 2.3.2, the

filtration on each F € Pervy®<(F1) is unique, so we may define an associated graded

functor
gr . - Pervi®€(Fl) — Rep T
since we recall that the Wakimoto sheaves are indexed by coweights. Moreover, since
Iy *1 J, = Jripus SO Pervy®(F1) C D;(Fl) inherits the monoidal structure.
Construction 3.2.3. We construct the functor
®, : Rep(GY x TV) — Perv}*i(F1)

Recall in Theorem 2.2.1 and Proposition 2.3.1 we have constructed a functor Z :

Perv;.-(Gr) — Pervy®i(F1). Precomposing this with the Satake functor gives

Sat VA .
RepG' — Perv,. o(Gr) — Pervyai (Fl)
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The Satake functor is symmetric monoidal and the central functor is central and monoidal,
so this is monoidal. We write Z(Sat(V4)) := Z, for short. On the other hand, by

Lemma 2.1.13, we have the Wakimoto sheaves functor
Rep TV — Perv}®i(Fl), (@)A - Jy
is monoidal. Thus, the two functors combines and give a functor

Rep(G' x TV) — Pervy™(F1),\, ® (Q;) + 2y *; J,
n
This functor is monoidal since Z is in addition central.

Construction 3.2.4. We now construct the functor
®, : Coh§ *™" (GV/UY x g) — Perv}*8(Fl)

Here, we first specify the (G x T")-action on GV/UV x g". The torus T" acts on
GV /UV by multiplying on the right, and on g" trivially. The group G acts on GV/U" on
the left (or, equivalently, the resulting action on the GV / BY -part of the Springer resolution
is given by g - b¥ = Ad, b"), and the adjoint action on g".

Again, we construct the two functors separately. Firstly, we construct a functor
Coh$' (g¥) — Pervy™i(Fl)

Recall by Tannakian formalism, the functor of points of g¥ can be identified with
-®A
g’ ® A =Endg (Rep G — ModA)

where Endg denotes the set of tensor endomorphisms or tensor derivations of the fiber
functor. Hence, if A is equipped with a G"-action, a G"-equivariant map of algebras
O(g") — A is equivalent to a G"-equivariant map of k-vector spaces (g¥)" — A, hence
an element in (g ® A)Gv. This is simply a G -equivariant tensor endomorphism of the

functor Rep G¥ — Mod 4.

In our setting, we have a functor
Rep GV — Perv}2i(Fl)

equipped with a G-equivariant tensor derivation given by M as in Theorem 2.2.1.

Hence, by the formalism introduced in Construction 3.1.3, we may first restrict to the
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subcategory of /7, of the form Modgffr, hence by the above argument lifting to a functor
Coh§'(g¥) — 77,

We then treat the more difficult case. Now, let A be a ring equipped with an action
of G¥ x TV, that is, A has a grading by X, (T") and a G"-action preserving the grading.
Then, a (G x T")-equivariant morphism @ (GV /U V) — A is a GV-equivariant map

b wn-4a

AEX, (T)*

compatible with the grading of A. The data of V, — A compatible with grading is equiv-
alent to a T"V-equivariant map b, : V;, ® A — A()\), where A(\) is A with the action of
TV twisted by A, explicitly

A(’\)u = A)\—l-u

Moreover, for the above map to be a ring homomorphism, these maps must satisfy the

Pliicker relations. Namely, we should have
by ®b, =by,,(m®idy): (hQA) @, (V,® A) = AN+ p)
Thus, again using Construction 3.1.3, a functor
Coh§ T (GV/UY) — Pervy™i(Fl)
amounts to mapping the arrows
By, :V,®0 — 0()\)

to arrows satisfying the Pliicker relations. Here, V, ® O corresponds to the trivial vector
bundle with fiber V;, equipped with the diagonal G-action. O()\) is the vector bundle

corresponding to

D W

REX,(T)*

Since weknow V3 ® O = Z,,and O(A) = J, = j, ,, it suffices to find maps b, : Z, —
Jt,« satisfying the Pliicker relations. This will be done in the following proposition

Proposition 3.2.6.

In total, we obtain the functor

®, : Coh§ *T" (GV/Uv X gv> — Perv}ai(F])
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Lemma 3.2.5. For all A € X,(T)", we have the cell Fl,, open in Supp Z,, and we
have an isomorphism j; (Z,) = Q,[e(ty)].

Proof. Recall Z, = Z (Lgfr), and by the nearby cycles construction, we see
Supp Z, D 7! (Grtk)

Then, since Gr,, is also of dimension £(t,), so Fl, C 771(Gr, ). Moreover, since the
nearby cycles functor preserves the dimension of the support, we have
dim Supp Z, = dim Gr), = £(t,) = dimFl,|
and since F1, has dimension equal to the support, it is open. Then, since
A
m:Fl, < Gr),

is injective and open dense, by Theorem 2.2.1(4) we can identify the stalk j, (Z,) as the
stalk of L§T on Gr,. This is clearly Q,[£(t,)]. O

Proposition 3.2.6. By the previous lemma, we obtain a map up to scalar
byt Zy = Ji,»

for all X € X,(T)*. These maps satisfy the Pliicker relation. Namely, we have the

commutative diagram (up to scalar)

Z(mk,u)
ZA-F;L — Zy ¥ Z,L

bAJml lbx*lbu

]tkﬂt* ]t/\* *I ]tﬂ*

Proof. Since 7 : F1, — Gr, is an open immersion, 7, induces a fully faithful embedding

on the category of sheaves. Hence, we have

HomPervI(Fl) (ZA’th*) = HomPeTVL+G(Gr) (Lgr’]g\r*) - @E

sosuch b, , is canonical up to scalar. Thus, the above diagram commute up to scalar, and

we can fix one such that the diagram really commute. a

We then proceed to the next step.

Construction 3.2.7. We then upgrade ®; to a functor
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®, : Coh§ *T" (7/\7:&) — Perv}?i(Fl)
This step is relatively simple. The previous functor
®, : Coh§ *T" (W X gv) — Pervai(F])
comes from an equivariant map of rings
O(W X gv) — B

where B is obtained as in the general formalism introduced in Construction 3.1.3. So, it
suffices to prove the functions defining the closed subscheme N Jer 1s killed by the above
map. This corresponds to the condition by o M, = 0, since the closed immersion N e C
W x g" can be characterized similarly. Note that b, is adjoint to the identity map
of Q,[¢(ty)] on Fl,. Then, b, o My :Zy — Zy — j,,, is adjoint to j; (MZ), so it

suffices to prove jj, (M ZA) = 0. This is because this map is nilpotent, but

End(ﬁ;(z,\)) = End(@e[é(t/\)D =Q
is 1-dimensional, so this map must be 0.

Thus, we have finished the construction of ®,.

We now begin to do the final reduction.

Lemma 3.2.8. The functor gr s monoidal.

waki

Proof. The monoidality follows from the general formalism of taking associated graded

objects of filtered objects in Abelian categories. O

Proposition 3.2.9. The composition

8l waki

z ,
Rep G — PervV®(F1) — RepT"
is equivalent to the restriction map along the embedding TV < GV

Proof. This will follow from the Tannakian formalism. We first show that gr__,; o Z is a

waki

symmetric monoidal functor. Recall Z is central, and gr_,. admits a right inverse given

waki

by the direct sum of Wakimoto sheaves. Then, let ox y : Z(X) *; Y = Y x; Z(X)

denote the centrality isomorphism. Since gr,,,,; admits a right inverse, gry,.; ox y 1s a

centrality isomorphism for gr
Pervyaki(Fl).

waki © Z because the naturality diagrams can be checked in
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Now, we have gr ..;o Z is a central monoidal functor, and Z is in addition

waki

symmetric, so it can be checked that the centrality isomorphism of gr_.,; o Z agrees with

waki
the symmetric monoidal structure on Rep TV by the Pliicker relations. Thus, we have
8T, © Z 1s symmetric monoidal, and hence the functor is the restriction functor of some
morphism of algebraic groups TV — G". Again, by the highest weight line b, for A €

X, (T)*, we see that gr__,,; o Z(V4) contains exactly one copy of k,, hence TV — GV is

waki
injective. O

This allows us to prove the following proposition.

Proposition 3.2.10. By construction, the image of ®, lands in the subcategory of

Wakimoto sheaves. The composition

v v —~ P. . 8T waki
Coh§ <7 (Navff> — Perv™i(Fl) -3 Rep TV
agrees with the pullback of coherent sheaves along the point ¢ : (1,0) < ]/\\f;/ff. Here
(1,0) denotes the T -fized point in ﬁ;/ff = G"Y xV" nY given by the base point of
the vector bundle over 1 € GV /UY.

Proof. Firstly recall that precomposing this functor with
Rep(GY x T") = Coh "' (NY)

gives the restriction along the diagonal map TV < GV x T". Hence, we may identify the
functor in question with the functor obtained via Construction 3.1.2 througha (GY x TV)
-equivariant morphism of rings
0 (N ;/ff) - Q,

so it suffices to identify this morphism with the point (1,0). Then, to determine the
coordinates of this point in g and GV /UV, respectively, we must inspect where gr. ..,
sends the morphisms M, : Zy — Z, and by : Z, — j; , to.

We first claim that the first nilpotent endomorphism is sent to 0. This is because by
Proposition 2.1.10, we can identify the cohomology of a Wakimoto-filtered sheaf & with

the cohomology of gr ,...(&) by the parity vanishing of the cohomology of Wakimoto

waki
sheaves. So, to prove that M, is sent to 0, it suffices to prove it is 0 on cohomology,

since it can only interpolate between the same graded piece, as can be seen from the action

on cohomology. Then, this map is 0 since H*(F1, Z,) can be computed by its proper
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pushforward to Gr, and the logarithm of the monodromy map on H*(Gr, m,Z,) can be
easily shown to be zero, since this monodromy can be obtained by a nearby cycles functor
for the Beilinson-Drinfeld Grassmannian over a curve, but the nearby cycles functor itself

is the identity map, which gives the identity monodromy, whose logarithm is 0.

For the second highest weight line, its associated graded is the projection onto the

highest weight factor.
Hence, the point corresponding to the above equivariant morphism is exactly (1, 0).0]
Construction 3.2.11. Now we may finally construct the final functor
®; : DCoh® *T" (N'V) — D(Perv(Fl))
As in Construction 3.2.1, we first take homotopy categories, and we obtain a functor
K(®,) : K(Coh$™*T"(NY;)) = DCoh® " *T" (NY;) — K (Perv,(F1)) - D(Perv,(FL))
Since we have (this is a version of Beuville-Laszlo’s theorem)

DCoh®*T" (N ) /DCoh& *T" (NY;) _ = DCoh®>T"(NV)

ANV

it suffices to prove the above morphism K (®,) vanishes on DCoh® *T" (ﬁ Xff) o 5O
by the universal property of Serre quotients we obtain the final functor.

Since taking associated graded pieces is conservative, it suffices to prove that for

any 7 € DCoh® *T" (N o We have gr K(®,)(F) € DRep(T") is zero. This is

because taking gr K (®,) amounts to taking the derived pullback
v* : DCoh&"*T" (ﬁ;{@ — DRep(T")
which certainly vanishes on sheaves supported on ONV.

Thus we have finished the construction of the functor ®;, which we will now denote by ®.

3.3. Tilting sheaves

Now, recall from the previous section that we must prove Theorem 2.4.1 and Theo-

rem 2.4.2 instead.

Definition 3.3.1. We define the functor

¢.7W = AV\I, od
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to be the composition
DCoh®" (N'V) — D(Perv,(F1)) — Dy, (F1)

we remark that in particular this functor factors through the derived category D(f 5"1),
since the averaging functor Avy, : Perv;(Fl) — Perv,,(Fl) factors through the fully
faithful functor /7, < Perv,,(F1). This factoring will be used to the calculation of

certain Hom spaces.
We also define the functor
Zyy =Avg o Z
to be the composition

Rep G — Perv,(Fl) — Perv,,,(Fl)

Definition 3.3.2. We fix an interval finite poset A, where A is interval finite if for any
v<u€A wehave {\ € A | v < X < u} is a finite set. In particular, the quasi-coxeter
group W with the Bruhat order is interval finite. We equip A with the order topology

(closed sets are the sets closed under taking smaller objects).

We define a highest weight category to be an k-linear Abelian category A with the
following properties:
(1) A is a finite length category.
(2) The set of simple objects IC()\) is indexed by A. Moreover, we require there are
some morphisms A(A) — IC(A) and IC(A\) — V(). They are called standard and

costandard objects respectively.

(3) End(IC()\)) = k.

(4) We let I C A be closed. We define A; to be the subcategory spanned by the simple
objects IC(i) for i € I. We let i, € I be a maximal element. Then we have the

structure morphism A(i,) — IC(4,) is a projective cover and IC(i,) — V(i) is an

injective hull.
(5) ker(A(A) — IC(N)) and coker(IC(A) — A(X)) lies in A_,.
(6) Ext?(A(N), V(X)) = 0.
We define a tilting object a in a highest weight category to be an object equipped with
both a filtration by standard objects and a filtration by costandard objects. We define the

45



number (a : A(\)) to be the multiplicity of A(\) in the standard filtration, and (a : V(X))

likewise. These numbers are actually well-defined.

Remark 3.3.3. By the formalisms introduced in the paper''”, we can show that
Perv,,,(F1) is a highest weight category, with standard, simple, and costandard objects
given by the obvious sheaves. This is a relatively simple case, and many properties of
and ¢ associated to

highest weight categories follow from the functors i, @

w!s Ywss Lws

the stratification. In particular, the computation RHom(A A ) Q, for A\ =pand 0
otherwise follows from these adjunctions. This proves the well-definedness of (F : A,)

and (¥ : V,) in this case, since they are computed by Hom(F, V, ) and Hom(A,, F).

We then present the most important proposition for the proof of the equivalence Theo-
rem 2.4.1.

Proposition 3.3.4. For any V € Rep G", the perverse sheaf Z;, (V) is tilting, and
for any A € XV, we have

(Zyp(V) 1 Ay) = (Zyp(V) : V) = dim (VT =)

We will first prove the above proposition assuming Z;, (V) is tilting, then prove the

assertion.
Lemma 3.3.5. The multiplicities in Proposition 3.3.4 can be computed if we assume
Zw (V) is tilting.

Proof. We prove the following equalities for V € Rep G":

Z (—1)% dim Homp ) (Aw Zp(V)[i]) = dim(VTV=“>

>0

Z (—1)¢ dim Homp (Zyp (V)i Vu) _ dim(VTv:“)

>0

Notice that the Euler characteristic as indicated above can be computed in terms of the K

-group, so by Proposition 2.5.5, we have

= ) dim(VTA) [,

AeX, (T)

Then, since [j,,] = [j4 ] in the K-group, writing A = p — p for u, p € X, (T)*, we have
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[J\] = [jtu* *r jt(fp),] = [jtﬂ*] [jtfp*] = [jtu,p*] = [jtx*}

by Proposition 2.5.2.

To sum up, we have

Zv)= Y dim(VT=) [, ]

AeX, (T)

and hence since Avy is exact, we have

[Zyw (V)] = Z dim(‘/TVZA)[Vx]
AeX,(T)

by Proposition 2.4.9. The claim follows by highest weight category formalism, since by

the Hom orthogonality and Ext vanishing, we have

Z (_1)i dim(HomDJW(Fl)(Au’ VV)) - 5##

i>0
Thus we have the first equality. The second is similar. Note the computation of the Euler

characteristic do not need the assumption that Z,,, (V) is tilting.

Then, we use these equalities to compute the multiplicity (Z;, (V) : A, ), and the

other is similar. Now, by the tilting assumption, we have
Homp  r1)(Ax; Zsw(V)[i]) =0

by Ext vanishing and taking the costandard filtration for Z,,,(V'). On the other hand, by

highest weight formalism, since Hom(A,,V,) = Q,, we have
dimHomp g (Ay, Zyw(V)) = (Zyw(V) : V,)
so as a corollary we have
(Zyw(V) : Vy) = dim(VTvz/\)
the other equality follows dually. a

Now, it suffices to prove that Z;,, (V) is tilting. This is difficult, and we will achieve this

through the following lemmas.

Lemma 3.3.6. If V.V’ € Rep G" is such that Z;,(V) and Z;, (V') are tilting,
then Z5, (V@ V') is tilting.
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Lemma 3.3.7. Assume that G is semisimple. If V is a highest weight GV -module
whose highest weight is either minuscule or quasi-minuscule, then Z;,(V) is

tilting.

Proof. We first apply the lemmas above to prove Proposition 3.3.4. Notice that obviously
we may assume V' is simple. Then, for G = G’ x T, where T" is a central torus and G’
semisimple, Gr, is a union of Gr indexed by X, (T"). The same follows for Fl and
Fl,,. Thus, the sheaf theories will not vary much, and hence we may assume firstly that

G is semisimple.

Then, the proposition would follow from that every representation of G is a subrep-

resentation of minuscule or quasi-minuscule representations. This is equivalent to

D w-v

A min.
or quasi-min.

being a faithful representation of G". This is faithful because minuscule weights are in
bijection with the center of GV, so they detect the center of G¥ and we may assume GV is
of adjoint type. Then, it suffices to prove that U is a faithful g¥-representation. Then, we
may assume g" is in fact simple by tensoring the representations for different components.
We consider the quasi-minuscule representation U’ which has highest weight the highest
short root. This gives a non-trivial representation of gV, and since gV is simple, this

representation is naturally faithful.

Thus the claim follows. O

Proof. We first prove the easier lemma in the above, that is, Lemma 3.3.6. By highest
weight formalism (say, in the paper''”), it suffices to prove that the !- and s-pullback
of Z4,,(V ® V') to each strata i,, : F1* < Flis perverse (recall F1* is the I -orbit). A
priori, since we have Z,,,(V ® V') perverse, its *-pullback has perverse degree < 0 and

its !-pullback lies in perverse degree > 0.

Recall Z is symmetric monoidal. Then, invoking the standard filtration on Z;,(V),

we have a filtration on the following
Zyw(VOV') =A% Z(V)xy Z(V') = Zgy (V) % Z(V')
with subquotients A, *; Z (V). Then by centrality of Z(V"), we have

Ay*1 Z(V') = Do x1 Jun ¥ Z(V') = Zyyy (V') *1 G
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Then, using the standard filtration on Z,,(V"), we obtain a filtration on the above graded

pieces Zyy (V") 5 7,1, itself with graded pieces A, *; jo = Ap %1 (G *1 Jut)-

However, we claim that j,, *; j,, lies in the subcategory generated by j,,,[n] under
extensions, where n < 0. This is done by applying induction on the length of v, namely, for

¢(v) = 1sowis a simple reflection, consider the exact sequence (which is also a triangle)
0O—-L,—jy,—L,—0

For the case where £(uv) = £(u) + 1, by Lemma2.1.5 we are done, and if £ (uv) = £(u) —

1, we consider the two triangles
ju! - ju! *r jv! - ju! *r Lv? Ju'[_l] — ju! *r Lv — juv!

which successfully generates j,,, *; 7,,- Thus, by applying the functor Avy, we have a
double filtration of Z,,,(V ® V) with associated graded objects Z (4,1 * J1), Which
itself admits a filtration with associated graded objects A, [n] with [n] < 0

Therefore, by the adjunction i,, i}, we obtain the !-restriction of each graded
pieces of Z;,,(V ® V) has perverse degree < 0. Dually, we have the *-restriction of the
graded pieces of Z,,,(V ® V') has perverse degree > 0. Hence we are done. O

The more difficult lemma is Lemma 3.3.7, in particular, the proof of the quasi-minuscule

part is very lengthy.
Lemma 3.3.8. The statement of Lemma 3.53.7 holds for minuscule weights.

Proof. Recall that we need to prove that Z,,,(V}) is tilting for A a minuscule weight.

In the irreducible highest weight representation V), with A a minuscule weight,
the finite Weyl group action on the set of weights of V, is transitive. Then, following
Lemma 3.2.5, we have FI* open in the support of Z;,,,(V4 ), and the stalk on the strata is
given by U3 (AS)[4(t,)]- Hence, we have

HomDyW(Fl)(A)\v Zyw(V3)[n]) =0
for n > 0. Dually, we have
Hoijw(Fl)(ZJW(‘/AMnL V) =0
for n > 0. Now, to prove that Z;;, (V) is tilting, we must prove that

HomD]W(Fl)<Aw ij(‘/:\)[”]) =0, HomDJW(Fl)(Zyw(VA)[”]a V,L) =0
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for any n > 0 and all u. Since the only possibly non-zero parts are the u’s that are weights

of V,, hence p € Wf)\, it suffices to prove that
Homp (Axs Zyw(WB)[n]) = Homp (Aurs Zrw(VA)[n])
and its dual version. Then the result will follow from the first calculation.

For this assertion, we let v be the minimal length representative in Wyt,, 5, where

wA?

w € Wy. Then, recall that wtyw ! =t,,. We actually have v = t,u, where u € Wi is
of minimal length such that uw\ = . This element satisfies £(v) = ¢(t,) — £(u). Hence,

we have
Ay =A #1 o = D kp Joyr 1 Jucnr = By *p Jy1y
Thus by invertibility of j,,-1,, we may compute
Homp (A, Zyw(Va)ln]) = Homp gy (A 1 Ju11s Zoig (VA) *1 Ju-1i[n])
Then, using Proposition 2.4.9, we have
Zyw (V) *p Jur1 = Do xp Z(Vy) %1 Gy = (Bc xp Juy1y) *1 Z(V3) = Zgp(W3)

Thus the claim follows.

Hence, we have Z;;, (V) tilting for A a minuscule weight. O
For the quasi-minuscule case, we need some geometric prerequisites.
Definition 3.3.9. We let ° denote the quotient category

PP = Perv,(Fl)/ Span{L,|¢(w) > 0}

We denote I1° by the projection II° : Perv,(Fl) — PP.

We define Z° : Rep GV — P to be the composition

Rep G¥ 2 Perv,(Fl) —» 70

and we let MY denote TT1°(M,), where My, is the nilpotent endomorphism (recall its
definition in Theorem 2.2.2).

Finally, we define j’(} to be the full Abelian subcategory spanned by the subquotients

of the image of Z°. Hence, we have Z° factors through

7% :RepGY — P9
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Proposition 3.3.10. The bifunctor
°(PH?(— *; —)) : Perv,(Fl) x Perv,(Fl) — 7
descends to a functor
—x— PO x PO PO

exact on both sides, and admits natural associativity and unitality constraints. In

other words, this gives a monoidal structure on PP.

Proof. For the exactness of the functor, it suffices to prove the following:

(1) For & € Span{L,|¢(w) > 0} and any G € Perv,(Fl), we have PH*(F x; §) and
PHY(G *; &) lying in the subcategory Span{L,,|¢(w)} > 0.

(2) M°(PH™(F %; G)) = 0 forn # 0.

Then, we obtain the results for — x — directly.

Then, for the first claim, we only prove the claim for & x; G, and the other is similar.
By the long exact sequence of cohomology induced by exact triangles, we may assume
F is of the form L,, where ¢(w) > 0. We choose a simple reflection s such that (sw) =
£(w) — 1. Then, as in the proof of Lemma 2.1.7, we pass to the category Perv; (Fl),
where I, stands for the parahoric subgroup of LG. Thus, # x; G € D, (F1), and again as
in Lemma 2.1.7, any simple object that is I -equivariant cannot contain L,, for £(u) =0

since its orbit cannot be I -equivariant. Thus, the first claim is proven.

For the second claim, again assume J,G = L,, for some w; by the long exact
sequence. Then, if some w; has £(w,) > 0, we are done by the first claim, and otherwise

if {(w;) = 0, we have L,, = j,, , and so

Lw1 *r sz = ]wll *1 ]wQ! = ]wlwzl = Lw1w2

Lemma 3.3.11. Z° : RepG" — P is a central functor.

Proof. Recall that Z and II°(PH"(—)) are monoidal functors, hence so is Z. Then, the

centrality isomorphism for Z gives

ZWV) s« F S F x; Z(V)
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where both sides are Perverse sheaves by Theorem 2.2.1. Hence, applying II° yields the

centrality isomorphism for Z°. a
Corollary 3.3.12. Y inherits a monoidal structure from P9 C PP.

Proof. This is because Z° is monoidal. Thus, let J; be a subquotient of Z°(V}), by bi-
exactness of — x —, F; * 7, is a subquotient of Z°(V]) x Z%(1). O

We will need the Tannakian information of the functor Z°.
Construction 3.3.13. We construct a exact faithful monoidal functor
. D0 _
u: Py — Vecty,
By a variant of Tannakian formalism, this functor provides an equivalence
P9 > coMod
for some bialgebra C over Q,. In addition, we will also show that the composition
z° ~
RepGY — P9 = Vectg,
is isomorphic to the forgetful functor.

Again, we begin with @(G") € Ind Rep G". Then, consider Z°(O(G")) € Ind PY.
Recall Ind .‘739 is an Abelian category. Moreover, since O(G") is a ring object and Z0is
monoidal, we have Z°(O(G")) € Alg (Ind 1759). Hence, we may consider its maximal
left ideal object, which exists by Zorn’s lemma (for any chain of left ideal objects, we may

take the filtered colimit to obtain a maximal element in the chain).

Thus, we fix a left ideal object 7 C Z°(O(G")). Then, writing J as a subquotient of

Z°(V) (V may be an ind-representation), by the commutativity constraint
Z°(0(GY))* Z°(V) = Z°(V) x Z°(0(G"))
we have J also a right ideal of Z°(O(G")). Hence, the quotient Z°(O(G"))/7 is a ring

in Ind P9, which we denote by O(H).

By construction, O(H) is simple, so Endpgoq, . (O(H)) is a division algebra. In
particular, by the construction of ind-categories, it is at most of countable dimension. Thus
by analysing the behavior of 1/(z — \) for A € Q,, we see that this division algebra is

exactly Q, (this process is standard).
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Now we construct the functor. We let
u(F) = HomModO(H)(O(H), OH)*F): PY— Vectg,
First, notice that O(H) = & is actually a finite free O(H )-module. We first prove this for
F =Z%V) for V € Rep G". Note that there is an isomorphism
0GRV = O(GY) @ Vi

where V'V is the trivial G-representation with the same underlying vector space as V.

Then, applying Z° to both sides, and then quotienting out J, we obtain
O(H)» Z°(V) ~ O(H) ®g, V™
and since O(H) is simple, all subquotients of O(H)®" is simple, hence the claim.
Moreover, this immediately implies uZ° is the forgetful functor.
Then, by the above, we obviously have u exact, and
O(H)x % = 0(H) ®g, w(F)
Hence
O(H) ®g, u(FxG)=0H)xFxG=0(H) ®g, u(F) @u(9)
so u 1s monoidal.

Finally, for u to be faithful, it suffices to show that « kills no simple object. But this

is because that the simple objects are x-invertible, so u takes them to ®-invertible objects,

hence not 0.

Proposition 3.3.14. We have
P9~ Rep H

for some H C GY. Moreover, H is contained in Zg (m) (the centralizer for the

adjoint action G¥ & g") for some m e NV C g".

Proof. The previous construction gives a map of bialgebras over @g
OGY) - C

induced by Z° : RepG' — 55(}. Moreover, since every object right hand side is a

subquotient of the image of Z°, the map of bialgebras O(G") — C is surjective, making

53



C a commutative bialgebra. Hence, C represents a closed submonoid of GV. Thus, it

represents a closed subgroup H C GV by algebraic geometry.

Then, for the second statement, note firstly that My, is a nilpotent tensor derivation,
hence represents a nilpotent element m € g¥. Then, H C Z(m) is equivalent to the
condition that My, gives a tensor derivation for the forgetful functor (this is because P9

is a subquotient of Perv(F1))

Rep GY — Rep H =~ P9

Lemma 3.3.15. The element m is reqular.

Proof. We must compute the dimension of V™= for any V € Rep G, and then take in
V = gV. Recall that the forgetful functor Rep GV — Vect@e is given by the composition

RepG¥ 2 79 % Vect

ep G’ — P — Vectg,

Then, recall that the dimension of the kernel of m is equal to the number of its Jordan
blocks, so equal to dim gry V' + dim gr, V', where gr is the associated filtration of m on

V. Note that dim u(L,,) = 1 since L,, is invertible in Y, for u is monoidal. Thus, we have

ol

dimgr, V=Y  [&r¥Z(V):L
weQC X, (T)

where the associated filtration of the nilpotent operator M, on Z(V) is the weight

filtration, and we regard each graded piece a usual sheaf.

To compute the above summation, we invoke Proposition 2.5.8, and thus
203 = > dml ",
HEX,(T)*
hence
Z(V)= Y dimVT=r.9,
BEX,(T)*
Then, consider the map 7 : H — Z[v,v™}] sending H,, + (—v)*®)
n(B,,) =1forall w € Q (or {(w) = 0), and n(B,,) = 0 for all £(w) # 0. The first identi-

. Thus, we have

fication is obvious, and for the second follows from B, = H_ + v in the case of s a simple

reflection, so by induction on the length, we apply Proposition 3.3.10, and see that it holds
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for all B, for £(w) > 0. Moreover, we have 7(f,) = v»2#)

pv € X, (T)".

by letting A = u — v for

Hence, applying n we have

SN e (V) L = Y dim VT gl

1€Z we HEX, (T)

comparing both sides, we have

dim V™0 = 3" N [gr(Z(V)): L,]= > dimVT'=#
i=0,1 wes weX,(T)
(1,2p)€{0,1}

Finally, taking in V' = g, we have
dim 3, (m) = rank T""
and hence m is regular. O
Lemma 3.3.16. We have inequalities
dim (Homp,py,, 51) (Ae, Zip(V))) < dim V=0
dim<HomPerv]W(Fl)(Z]W(V)7 Ve)> < dim V=0
Proof. We only prove the first inequality, since the second is analogous.
Recall that we have a fully faithful embedding /7, < Perv,, (F1). Hence, we have
HomPerij(Fl)(Aw Zyw(V)) = Homf:pI(fde, fZ(V))
Then, further applying II° gives a map
Hom (f.,72(V)) — Hom,po (ZO (@e) ; ZO(V))
This is injective because /6, is a simple object not killed by TI°.

Finally, since we have M%e = 0, using that MY is a natural transformation we have
Homyo (2°(Q,), 2°(V)) = Homyo (2°(Q,), ker (M)
Finally, applying the faithful functor v we have
Homyo (2°(Q, ), ker(MY)) < vm=0

hence the lemma is proven. O
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We can finally prove the quasi-minuscule case.

Lemma 3.3.17. The statement of Lemma 3.3.7 holds for quasi-minuscule weights.

Proof. Now, we must prove Z,,(V4) is tilting for A a quasi-minuscule dominant

coweight.

We have Z,,,(V}) supported on

FI» = U FI#

By the same method as in the proof of Lemma 3.3.8, we obtain
HomDJW(Fl)(Auv ZJW(V,\)[”]) =0, HoijW(Fl)(Z]W(V;\)[n]a VN) =0

for all n > 0, p € Wy - A It now suffices to prove the case where ;1 = 0. Consider the
closed embedding i : FI9 — F1, and let j be its complement open. Then, consider the

triangles
31" Zyw (V) = Zgy(V) = i,8" Zg3p(V)
0,0 Zyy(V) = Zyp (V) = 4.5 Zp (V)
Since we have the tiltingness of Z,,(V) outside FI°, we have j,j*Z;,(V) and

73" Z 4 (V) perverse, hence i*Z;,, is concentrated in perverse degree 0 and -1, while

i' Z 7y is concentrated in perverse degree 0 and 1. Then, by the proof of Lemma 3.3.15,

we have

dimV™=0 = 3" dimV7Tw
peX,(T)
(1,2p)€{0,1}

Since in our case we are treating with quasi-minuscule V' = V,, all non-zero weights
appearing in V) are Wy - A, and since a quasi-minuscule dominant coweight must be a
coroot, we have all non-zero weights appearing in V; are actually coroots of G (hence

roots of GV), so the only possible p with (i, 2p) € {0,1} is 0.

Hence, by Lemma 3.3.16, we have
dim HomPerV]W(Fl) (Am ZJW (V)) < dim VTV:O

Then by the proof of Lemma 3.3.5, we have the identity
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Z (—1)* dim Homp (g (Aes Zyp(V)[i]) = dim V=0

>0
But then, using that i' Z,, (V) is concentrated in perverse degrees 0 and 1, we obtain
dim HomPerij(Fl) (Ae ) ZJW (V))

< dim HomD]W(Fl) (Ag, Zyp(V)) — dim HoijW(Fl) (Ag, Zy(V)[1])

so the latter term must be 0. Hence, i' Z;,,, (V) is perverse. Dually, we have i*Z;,, (V)

perverse, and thus Z,,, (V) is tilting. O

3.4. The proof of the final equivalence

Now we may finish up the proof of Theorem 2.4.2.

The strategy of the proof is to show full faithfulness on certain generators and then

essential surjectivity.

Proposition 3.4.1. The category DCoh®" (j\fvv) is generated as a triangulated

category by the following classes of objects:
(1) The line bundles Oz, (A) for X € X, (T).
(2) The vector bundles V ® Oz, () for V€ RepGY or A € X, (T)*.

Here, recall Oz, () can be described as the pullback of the bundle Ogv(X) from
the projection NV = BY, and Oz (N) is the line bundle obtained from Borel- Weil-
Bott theorem.

Proof.

(1) For these generators, recall
Coh® (NV) = Coh®' (G¥ xB" n") = Coh?'(n")
with the identification induced by the restriction along the inclusion
{1} x n¥ o NV

Thus, the modules O, (A) corresponds to the BY-equivariant O(n")-modules

kgv(A) ® O(nY). Note that they generate the category V ® O(n") for V € Rep BY,

so it suffices to prove the latter generate the triangulated category.
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Consider the cocharacter 2p : G,,, — T". Using restriction along this map, we
regard any TV~ so B"-equivariant module as a graded module. Then, consider the

projective resolution of an BY-equivariant module M

= Pt PO 3 M0

where each P7 is of the form V ® @(n") for some B"-representation V. Thus, this
gives rise to a sequence of graded @(n")-modules. Since n" is a vector space, let
m denote its dimension. By Hilbert’s syzygy theorem on dimensions of polynomial
rings, ker(P™ — P™1) is finite free as a graded O(n")-module (apply the syzygy

theorem to each grading).

Now, it suffices to show that any BY-equivariant O(n")-module free as a O(n")

-module admits a BY-filtration with subquotients of the form V ® O(n") for V €
Rep BY. This is obvious by induction on the dimension.

(2) We use these generators to reach the generators in (1). For A € X, (T)™", consider

the highest weight line By : 1, ® O — O(\) as in Construction 3.2.4. This gives a

surjective morphism of modules V} ® Oz, — O, ()). Taking the Koszul complex

of this surjection, we obtain an exact sequence (we set d = dim V})
0= AV, = AV @ 05 (A) = - = AV VR ® O ((d — 1)X) — Ogp (dX) — 0
Then, for any p € X, (T'), we pick X such that u + A is dominant. Hence, tensoring the
above sequence with O, (1)® (A VA)* gives the generation of Oz (u). O
We first make more use of the regularity of m.
Construction 3.4.2. Recall that the regular nilpotent orbit @ C NV has its preimage
oY c N V. and the Springer resolution restricts to an isomorphism @Y — @Y. Also, by the

definition of orbits, G¥ / Z5v (m) — OV is an isomorphism. Thus, we have an equivalence

of categories
Coh® (0)) ~ Rep(Zg(m))

Then, let Cohg ! (ﬁ V) denote the full subcategory of Coh®" (ﬁ V) consisting of objects

of the form V ® O~

57v» we have a functor

Coh§' (N) — Coh®'(0Y) — Rep(Zg.(m)) — Rep H
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where the first functor is restriction, the second is an equivalence, and the third is induced
by the restriction along the inclusion shown in Proposition 3.3.14. Moreover, the compo-
sition of the first two functors can be identified to the restriction at m — m, where m is

the unique preimage of m.

On the other hand, we have a detour given by
GV (v 2 I 50 =~
Coh§" (M) — Perv,(Fl) - P} 5 Rep H

These two functors admit a natural monoidal structure. We claim that these two functors

are actually naturally isomorphic as monoidal functors.

Recall we have shown in Proposition 3.2.9 and Construction 3.3.13 that the two
functors coincide as monoidal functors after postcomposing with the forgetful functor

Rep H — Vect@e. Thus, it suffices to show that the maps
HomCthV (ﬁv) (Vi ® Oﬁw Vé ® 0]\7\/) - HomRepH(Vi7 Vé)
induced by the functors coincide.

~ G\/

By definition, the left hand side can be identified with (V* ® V; @ O(NY)) " .

Then, recall that (9<j\7v) = O(NV), so we have a surjection O(g") » O(NV) =
o (N V). Thus, the two functors coincide iff their precomposition with the pullback

Coh$' (g¥) — Coh§’ (ﬁv) =< Rep H
coincide. However, their further precomposition to
Rep GY — Coh§ ' (g") — Coh§" (]’\7\/) < RepH
coincide, and so an extension of this functor to functors originating from Coh§ “(g¥)
is equivalent to an tensor derivation of the map Rep GV — Rep H. However, it is by
construction that both tensor derivation is given by M.
Lemma 3.4.3. For any V € Rep G", the morphism
Hom v (574) (Opr V ® Ogp ) = Homp, o) By (O ) 2o (V © O ))
18 injective.

Proof. By definition, we have @,y (05, ) = A,, and @539 (V ® O ) = Zyyp(V). Then,

using /P, < Perv,,, (F1) is fully faithful, it suffices to show
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Homyv (50v) (Oxp0, V ® Oz, ) — Homyy, (15,,fZ(V))

We may further apply II° and show

Hom, , cv (7) (05, V®0Oz,) = Hom o (69,2°(v)) = Homge, g (@f, V)
1s injective.

By the previous construction, we can identify this functor with the restriction at m.

~ G\/ ~ ~

But note that the left hand side is identified with (V@ O(N'"))~ . Since Oy C NV
has complement of codim 2, we have O(NV) = O(0))). Then, since O, = GV /Z.(m),

we have

\

VeoO)® = (Vemndd )" =viem
which clearly embeds into V¥ since H C Z. (m). O
Proposition 3.4.4. For any V € RepGY, A € X, (T)", and n € Z, the morphism
Hom 00 (574) (O V @ O (V] ) = Homp, 1) (B39 (O )5 0 (V ® O (1)) In])
18 injective.

Proof. Firstly we must treat the case where n > 0. By the definition of equivariant derived

categories, we may identify the Hom group on the left as follows.
Hom p, 6 () (05, V ® Og (N)[n])

G\/
= Hompo 57 (O, V ® O (N[

G\/
= (V ® HomDCOh(ﬁv) ((Dﬁva Ox (A) [n]))
(Ve r (7, 05.0))"

14]

But by the paper!'¥, such cohomologies vanish unless n = 0. Thus we may assume n =

0, since the cases in the rest is trivially true.

Then, we find some V' such that Oﬁv()\) <V ®0g,. Forae RY, consider the

exact sequence of vector bundles

V V 2
GY xB n(va) - GV xB nV — GY xB gV
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where g is the root space, n) is the vector subspace of n" spanned by positive roots

except a. The above exact sequence can be explicitly written out as
~ ~
N(Ol) —>N\/ —)(jﬂv(_a)

AV (Oé)

Anyway, we obtain an inclusion O, () & Oz-- Thus by tensoring, this holds for

This allows us to express the ideal sheaf associated to N (va) as p* Oz (a) =0

general o € ZRY. Then for general A, we choose some sufficiently large o € ZRY such
that A\ —a € —X,(T)*. This gives an embedding Oz, (A) < Oz (A — ). Then, since
A — p is antidominant, we have an embedding Oz, (A — p) < Viro i) @ O Thus,

the composition of the embeddings gives the result.

Finally, we have
Home, ;v (570) (O, V ® Oz, (N)) < Hom,, ov (7) (O, VOV ®05,)
for some V’. By Lemma 3.4.3, we have the embedding
Hom e,y v (574) (05, VOV’ ®0x,) = Homp oy (Brip (O ) @ (VO V' ® Oz1))
Hence, we have a diagram

Hom

Coh&" (W) ® Oz (V) < > Homg) v (A7) (O, VOV ®05z/)

Oz, V
Homp, (@0 (0570 ), Py (V @ O5p (V) — Homp, (®y10 (O30 ), P (VO V' @ O5))

thus the left map must be injective. O

The above proposition essentially proves full faithfulness on the generators. We then move

to essential surjectivity.

Proposition 3.4.5. The objects Avy(Jy) for A € X, (T) generates Dyyy(F1) as a

triangulated category.

Proof. Recall [f,1] = [Juwsl» 80 [J3] = [jt ] € K°(D;(F1)). Thus, by Proposition 2.4.9,
we have [Avy (Jy)] = [A,] € K°(Dgyp (FL).

To show the generation, it suffices to show that Avy,(J,) is supported on FI* with
restriction to F1* of rank 1. Thus, since Avy (J,) is perverse, its Euler characteristic of

the stalk
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> (—1)THSFU) (FI, i, Avy (J)))

i€Z
is concentrated in one degree, so equal to the dimension of the stalk. Here w is the minimal

length element in W; - ¢,.

In particular, by the equality [Avy(Jy)] = [A,] and Euler characteristics factors

through K-groups, this Euler characteristic is the same as the Euler characteristic

D (—1)THSFA)(FI QLA

=
But the support and open stalk of A, is obvious.

Thus, by an induction on lengths, we can show that these objects generate the simple
perverse sheaves, proving the generation. a

Proof. Now we will prove Theorem 2.4.1. Namely, we shall prove that
®y3p : DCohS' (NV) — Dy, (FI)
is an equivalence of categories.

First, essential surjectivity follows from Proposition 3.4.5 and full faithfulness, since
by definition the image of ®;;, contains the image of Avy o @y, and ®,(V) ® k) = Jy,

so Avy (J,) is contained in the image of ®,,.

Then we show full faithfulness. We temporarily denote the following map by f, and

we will show
J i Hom e ov (ﬁv)(?,g) - HoijW(Fl)((I)JW(?)a Dy1p(9))
is an isomorphism.

We first show the injectivity for the case 7 = O, and G = V ® O, (A)[n], where
V € RepGY and X € X, (T)". Then, this map is an injection by Proposition 3.4.4. We
claim the source and target of f are finite dimensional Q,-vector spaces of the same

dimension, which will prove that f is an isomorphism.
For the right hand side, it can be identified with
Homp, (A, Zop (V) *1 Jy [n])
= HoijW(Fl)(Ae x1 J_xs Zyw(V)[n])

= Homp (A_x, Zyw(V)[n])
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Thus by Proposition 3.3.4, this is zero unless n = 0, and for n = 0 the dimension is
dim VT'="2,

For the left hand side, in the proof of Proposition 3.4.4 we have shown that it vanishes
unless n = 0, and for n = 0, it can be identified with

(Ve HO (WY, 05,00))

So its dimension can be computed by the simple factors, namely, it is of dimension

S vy [HY(NY, 05.0) V]

veX,(T)+

Again by the paper''”, the second factor is dim V,/Tv:’\, SO

Z [V*: V)] dimVT'=* = dim (V*)" A = dim VT A
veX,(T)*
Thus this part is proven.
Now, since V' ® Oz, () generates the whole triangulated category by Proposi-

tion 3.4.1, we have finished the proof that f is isomorphic for & = O, and G any sheaf.
Now, take F = O, (A) for all possible A € X, (T'), we have

Hom v () (O5.(N), 9) = Hom v (A7) (O3, G ® Oz (=)

and

0 (O (V) By (9))

Homp (

= Homp_ (A *7 J,\aq)yw(g))
i)
) (

Ae7(I)7W( ) Jf)\)
D130 (O3 ), P (G ® Oz (=)

- HOIIlD

- HOIIlD
by the monoidality of ®,,,,. Thus, since we have an isomorphism
Hom e (574) (Oxpr § ® O (=A)) = Homp, ) (B3 (O ), By (9 © O (1))

by the case for F = 04, the case where & = O, (M) and arbitrary G follows. Then,

since Uz, (A) also generates the triangulated category by Proposition 3.4.1, we have
finished the proof of full faithfulness.

Thus, ®,;, is an equivalence of categories! O

Proof. We now prove Theorem 2.4.2, namely,
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Avy : 1P 5 Perv,,,(Fl)

Recall we have proven in Proposition 2.4.10 that Avy, is fully faithful. To prove essential
surjectivity, note by Theorem 2.4.1 that every & € Perv,,(Fl), there is some g €
D, (F1) such that Avy (G) = F. Thus,

F = Avy(PHY(G)) = AV\1/<f(pHO(9)))

so essential surjectivity follows. O
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Chapter 4 The graded setting

4.1. Remarks on graded sheaves

In this chapter, we will make use of the graded sheaves introduced in the paper'™. We

summarize here the main properties we will use on graded sheaves.

Definition 4.1.1 (Definition 2.4.2™). Let X be a stack over k with a model X, over F,.
We let D .q4(Xo)™" denote Ind (D54 (X)) Then, we let D, (X,)™" denote the Lurie

tensor product

Dgr (XO)ren — mixed (XO )Ten ®Dmixed (Spec [Fq)ren Vect®"

where D

mixed

(SpecF,)™ — Dyivea(X)™ is given by the modules structure, and the

functor D, (Spec Fq)ren — Vect®" is the functor sending a constructible sheaf to the

ixed

associated graded vector space of its stalk. Here the stalk has the weight filtration.

We define D, (X)) to be the compact objects in D, (X;)™".

Theorem 4.1.2 (Proposition 2.7.9). Let Xy = X, @ Fn. There is a monoidal equiv-

alence

Dgr (XO)ren = Dgr(Xl)ren

Theorem 4.1.3 (Theorem 2.7.12). We can attach to each stack X over k with a
model X overF, a presentably symmetric monoidal stable co-category Dy, (X)™" :=
Dgr(XO)ren, well-defined by the previous theorem. Moreover, for nice enough mor-
phisms f: X =Y, there is a theory of f, 4 f' and f* 4 f, between the categories
D, (X)™" and D, (Y)™".

gr

Theorem 4.1.4 (Lemma 2.4.3,2.4.7). There is a symmetric monoidal continuous and

compact preserving functor

gr:D

mixed

(X)ren — Dgr (X)ren

Moreover, the image of gr of compact objects compactly generates Dgr(X)ren.
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Theorem 4.1.5 (Remark 2.7.17). We let (n) denote the grade shift functor of D, (X).
Then, there is a functor oblvy, : D, (X) — D(X) satisfying
P Hom,, (¥, §(n)) = Hom(oblv,,(¥),0blv,(9))

nez

Theorem 4.1.6 (Theorem 3.4.8, Proposition 3.5.1). The category D, (X) is equipped
with a weight structure and a t-structure, such that the t-structure is transversal to
the weight structure. We will call this t-structure the perverse t-structure. More-
over, the functors gr : Dy .q(X) = Dy (X) and oblv,, : D, (X) — D(X) preserve

and reflect the perverse t-structures, and are compatible with the six functors.

Theorem 4.1.7 (Proposition 3.5.6). The category Perv,.(X) is of finite length. An
object F € Perv,, (X) is simple iff oblv(F) € Perv(X) is simple, and is neces-

sarily pure of some weight.

Definition 4.1.8. We define D; ,,(F1) to be the category of graded sheaves over the stack
I\LG/I. More precisely, we need to go through the process of pro-groups acting on ind-
schemes'”. First, we pick a split model G, of G over F,. Hence, we can choose a Borel
defined over F,. The loop group and the Iwahori can also be defined over F,. Then, we

may define

DIO,mixed(FIO) := colim D(Io)k,mixed((m))

we Wext

Here, (1) . 1s a finite type quotient of I, through which the action of I, on m factors.
Based on this, we may define the corresponding renormalized versions. Then, we follow
the above formalism and define the associated graded category and its compact objects.
Thus we obtain the category Dy ,, (F1). In particular, the inclusions of strata j,, : I'\F1,, <
I\F1 are nice morphisms in the sense of Theorem 4.1.3, and we have access to the !- and

x-pushforwards and pullbacks for these morphisms.

The category Dyyy . (F1) is defined through a likewise process.

Definition 4.1.9. We define the graded versions of standard, costandard, and IC sheaves.

We define for each w € W the following graded sheaves

Tt = JunQell(w)](E(w)), 5, = i Qe[C(w)](E(w))
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and we define the corresponding simple IC object by

L% = Juna Qoll(w)](£(w))

By definition, we have j5 = gr(j™) and the likewise statement for costandards and

simple objects.

Construction 4.1.10. By the general formalism introduced in Construction 2.1.2, we may

define the convolution product of graded sheaves. In particular, this convolution product is

compatible with gr and oblv,,, since the two functors preserve the six-functor formalism.

gr>

Corollary 4.1.11. The lemma Lemma 2.1.5 holds with j,, replaced by j%,, and j,,
replaced by 78, .

Proof. This is obvious by taking associated graded of Corollary 2.1.6. O

Definition 4.1.12. We also need the graded version of the Iwahori—Whittaker sheaves.
Firstly, as before, we define the category Dy ,,(F1) via the formalism introduced in the
paper"”

below.

and Construction 2.4.5, with the construction of the character sheaf explained

For each w € TW*, we define

AL = iy Uy (AS)[E(w)]((w)), VI = 1, Uy, (AS)[£(w) ] (€ (w))

w* — W

We explain our notation here. We first consider AS as a sheaf over (G,) 0 /F,, which by
definition is a mixed sheaf over G, pure of weight 0. Then, we let U*(AS) be the desired
character sheaf over I, which is also pure of weight 0 since ¥ is smooth. Then, note ¥,
is also smooth, hence U} (AS) is pure of weight 0. Hence, letting A" and V7! be the

corresponding mixed sheaves in Dy ;.4 (F1) given by

Ay =i w9t (A2), v = i v (8 ew] (43 )

which lives in weight < 0 and > 0 respectively. Then, taking associated graded sheaf at
any of the process above gives our definition. Again we take the notations A and V¥ .

In particular, we have

A7 = VI AS = VE
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by an analogous proof as in Proposition 2.4.9. In particular, these sheaves are pure of

weight 0. Moreover, we need the simple objects

IG5 = 14,0, Uy, (AS) [£(w)] (¢(w))

wlx w

Definition 4.1.13. Finally, we define the graded version of Wakimoto sheaves. Namely,

we define
Sy = ﬁi* *r j%i!
forn=p—v, pve X, (T)*.
Again, we also define the generalized Wakimoto sheaves
JE = I
forw=X-w; € W', X € X (T),w; € W,

Again, J& x; J& = J,

. > so the full subcategory Perv}™3(Fl) C Perv; ,.(Fl),

I,gr
consisting of objects admitting a filtration by J} (n), is closed under convolution in

Dy o, (F1).
Proposition 4.1.14. We have H =~ K°(D; ,.(F1)), with H,, + (—1)“®)[j&].
Proof. The proof is exactly the same as the proof of Proposition 2.5.6. O

Corollary 4.1.15. For any A € X, (T)*, the class [Z8 (V4)] € H is given by

S dimWy g,
rEX,(T)

Proof. Also the same as Proposition 2.5.8. d

4.2. The construction of the graded functor

In this section, we will construct the functor ®,, in Conjecture 1.2.2.

Construction 4.2.1. The strategy of the construction would mostly follow from the
previous construction. However, since we have an additional action of G,,, & NV given

by t acting by ¢ : (b, z) > (b,t2x), under the embedding

A s BY x gt
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some of the construction must be modified.

Mainly, we do the following:

(1) Construct a functor

@y o : Rep(GY x TV x G,,,) = Pervy?(Fl)

(2) Use the de-equivariantization principle to upgrade it to a functor

D CothXTVXGm (GV/UV X gV> — Perv}vf‘é‘ri(Fl)

(3) Use the de-equivariantization principle to restrict it to a functor

®, o : Cohy T *Cm (W) — Pervysi(Fl)

(4) Again pass to derived category, postcompose Pervy®(Fl) = Perv; . (F1) and

construct

®, . : DO *Cm (NV) = D(Perv, . (F1))

(5) Compose with the functor AvY,

(I)]W,gr . DCOhGVXGm <j\7'\/> — Djw’gr(F].)

Proposition 4.2.2. The sheaf Z* (V) € Perv, , (Fl) admits a filtration by the
unshifted graded Wakimoto sheaves Jy , with the multiplicity of J§ given by

dim VT'=A,

Proof. We first mimic the proof of Proposition 2.3.1 to see that Z& (V') admits a filtration
by the grade-shifted Wakimoto sheaves J5 (n). Now let X be any graded convolution
exact perverse sheaf. We apply Lemma 2.3.4, and take S to be the set in the lemma for X.
We write S = {\;w,} such that \; € X, (T') and w; € W;. Then, we choose a coweight
vy < 0 € X, (T) such that — (v, + A;) is strictly dominant. This implies that

gr _ 8
Jt v ]t,

.s!
. v S!

By definition of .S, we have
Supp (j%; ) * X) C U F]t_,,o's
o seS

Then, since graded perverse sheaves are generated (as a triangulated category) by L., (n)
(for all n), and by induction on £(w) such sheaves are generated by j,,(n)[m] (m > 0),

we obtain
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gt 0 X € Span{j[il(7) | i > 0,5 € Z}
hence by support reasons
3, X e span{sf Lli)G) |i>0,j€ZseS}
) )

By the equality J&* , = j%' we have
T _

et
g%, X € span{J¥ () |i20,jeZ,s€ S}
Hence, by the monoidality of @, ,,, for any v € X, (T') we have
Jg %, X € Span{ JZ [i](j) | i > 0,j € Z,s € S}
Thus, choose v such that v + A, are dominant for all ¢, we obtain
Jg #; X € Span{ ¥ [i](j) | i >0,j € Z,s€ S}

Since the left hand side is already perverse, we may remove the shift [¢] on the right. Hence
JE x; X admits a filtration by J&'(j), and by convolving with J& on both sides, we
obtain the Wakimoto filtration for X. Taking X = Z&" (V) gives the first part of the claim.

Then, passing to K-groups, we have by Proposition 2.5.8 (its graded version of
course) that the only objects appearing in the filtration are the objects J} , with multiplicity
dim V=2, m

Definition 4.2.3. We define Pervyyaé‘ri(Fl) to be the category of graded sheaves with a

filtration by sheaves J§ (n).

Construction 4.2.4. We first construct

B o : Rep(GY x TV x G,,,) — Pervy?(Fl)

Similar to the previous ®,, we define
% (K8 (@) ©(Q) ) 2 Ign)

Here, we define Z} := gr(Z(Lf\;r’gr)), where Lf\;r’gr = JST Qu[E(N)]E(N)).

Again, this functor is monoidal, since Z®" is central and monoidal by the fact proven

in Theorem 2.2.1 for Z™ (the mixed version). Moreover, the functor
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Gr, gr
Vi Ly

is symmetric monoidal by the finite field version of the geometric Satake equivalence
(see Theorem 5.5.12%; here our group G, is split, so “G, = G, x T, and we can omit
the second factor to obtain the desired functor), so V, Lfr’m is symmetric monoidal.
Hence, by the compatibility of convolution with the functor gr, we have the above claim.

Then, since Zﬁr is central and convolution exact, it admits a Wakimoto filtration, so the

functor is indeed well-defined.

Construction 4.2.5. We then construct

P, ,, : Cohy " Cm (QV]TY x g") — PervyXi(F])

Before the construction of this functor, we first construct the graded highest weight line
bY : Z3 — ji. . = Jy . Here, the graded highest weight line exists because =, : F1, —
Gr, is open dense, so the stalk j%,(Z2") is equal to the stalk of L5"® in the graded set-
ting, by Theorem 2.2.1(4), since the isomorphism 7, (Z(—)) = m(Z(—)) = id preserves
Frobenius weights. Thus we obtain a morphism 5%, (Z5 ) — Q,[£()\)]{£()\)), and taking

adjunction gives the graded highest weight line b5 : Z§ — J¢, «-
Analogous to the previous construction, we may construct a functor

Coh§ ™" (GV/UY) — Pervy"si(F1)

via sending the highest weight line By, : V, ® O — O(A) totheline b5 : Z3 — 5% ,. Note
that G,,, does not act on the part GV /U, so this part remains untouched. For the other

part, we need a functor

Cohy *®(g¥) — Pervyi(Fl)

since T does not act on g". So this time, we need an (GY x G,,,)-equivariant morphism
g/ — A. Since G,, & g¥ by t: x>t 2z, we can regard O(g") as the graded G-
equivariant algebra Q, [(g¥)"] with elements in (g¥)" of degree 2. Then, an (G" x G,),)
-equivariant morphism O(g") — A is a graded G"-equivariant morphism O(g") — A,

which is equivalent to a G -equivariant map of Q,-vector spaces

(gv)* — Ay
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where A, denotes the piece of grade 2 of A. Then, this by definition corresponds to an

element z € (g" ® AQ)GV. Then, using the functor of points

9" ® A =ker(G(A[e]) — G(4))
= {functions f : O(G) — A which is a derivation at v, (evaluation at e)}

= {tensor derivations of — ® A : Rep G" — Mod 4}

where derivation at v, means m*f = f® v, + v, ® f € O(G x G). the final equiva-

lence is given by the composition
VRIA-VRUG) A VRARA-VR®A

the first arrow is given by the comodule structure, the second by the map f : O(G) — A,
and the final one by multiplication in A. Thus, an element in (g¥ ® AQ)Gv corresponds to
a G"Y-equivariant tensor endomorphism of weight 2, since in the above composition the

first map is of weight 0, the second of weight 2, and the final map of weight 0.

Hence, for a map

Cohy *®(g¥) — Pervy™i(Fl)

we need a weight 2 tensor derivation of the functor Z8", which is exactly the mixed version
of the nilpotent endomorphism M™ : Z™(—) — Z™(—)(—1) in Theorem 2.2.2. Here,
we must write it as M : Z8 (—) — Z8(—)(—2).

Putting the two constructions together, we have constructed

P, . : Cohy T *Cm (GV]UV x g") — Pervyki(FI)

Construction 4.2.6. Now we construct

B,  : Cohy T *Cm (AYy) — Pervyi(Fl)

This again corresponds to the condition b5 o M;ri = 0. This follows from bo M, =0,

since the functor oblv,, : Dy ., (F1) < D;(F1) is faithful.

Construction 4.2.7. We now construct
®; . : DO *Cm (NV) — D(Perv, ,,(F1))

By a graded analogue of Lemma 2.1.9, there exists an associated graded functor
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BT waki, gr Perv‘}’vag(Fl) — Rep(T" x G,,)

Since we have identified the associated graded in Proposition 4.2.2, we see that the
composition

grwaki, gr

Rep(GY) z Pervy’s(FI) — Rep(T" xG,,)

is isomorphic to the restriction to 7" and tensoring with the trivial G,,,-representation.

Then, we follow the previous proof of Proposition 3.2.10 and prove that the compo-

sition

Toooli o
GVXTVXGm g waki, gr

—~ D5 )
Coh$ (W) — Pervi®(Fl) 5" Rep(T¥ x G,,)

is isomorphic to the pullback of coherent sheaves along the point ¢ : (1,0) < N Jir» this

time regarding (1,0) as a TV x G,,, fixed point (note G,,, acts purely on the fibers by

scaling, so fixes 0). Again, we have the precomposition
Rep(GY x TV x G,,) = Rep(T" x G,,)

given by the diagonal inclusion TV < GV x TV and the identity on G,,, resulting in

a map
TV xG,, =G xTV xG,,
So the upgrade

Cohf(ijTVXGm (ﬁsz) — Rep(TV x G,,,)

corresponds to an (GY x TV x G,,,)-equivariant morphism O(ﬁ fo) — Q,. Again, it

suffices to determine where gr .y o

send the morphisms Mgri : 28 — Z% and the
highest weight line b5 : Z} — 77, to. This time, gr
My, =0, and oblv,, is faithful.

waki, gr

gr . ..
M 75 = 0, since it is sent by

oblv,, to gr .k

Then, the image of gr b5 agrees with gr.... b, since G,, does not act on

waki, gr waki

GV /UV. Hence, this composition again agrees with restriction at ¢ : (1,0) < N e

Again, by smoothness of V'Y, we have
K(CothXTVXG’” (J\Afgff)) = PerfG T Cn (NY,) = DCohy " "Cm (W)

Thus taking homotopy categories, we have a functor
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DCohS TG (NV ) _ K(Perv, ..(F1)) — D(Perv, . (Fl
fr aff I,gr( ) I,gr( )

Again, we have

DCohG'*T"xG,, <ﬁ;/ff) /DCOhGVXTVxGm <ﬁ;/ff) — DCohG'*T"xG,, (ﬁ\/)

ANV
and since the restriction ¢* kills DCoh®" *T" *Gm (ﬁ ;/ff) . because (1,0) ¢ ONV. Thus

we obtain a functor

®; , : DCOhE *Cm (N'V) = DCohE T *Cn — D(Perv, ,,(F1))

Construction 4.2.8. We now give
(I)JW,gr . DCOhGVXGm (j\/-v\/) — D]W,gr (Fl)
We first recall the construction of the functor Avy. It is given by

F = A, *x; F : Perv;(Fl) — Perv,,(Fl)

We upgrade this to a functor
Avy : Perv; , (F1) — Pervy,, . (Fl)
Firstly, recall A" is pure of weight 0. Then, consider the convolution
A *p (=) DI,gr(Fl) — D]W,gr(Fl)

If for some mixed perverse sheaf F is such that A" %, & is not perverse, by considering

the diagram

DI,gr(Fl) DﬂW,gr(Fl)

|

Dy (F1) ———— Dy, (F1)

we obtain a perverse sheaf & € D;(F1) such that Avy (F) is not perverse, since

oblv,, preserves the perverse t-structure by Theorem 4.1.6. This contradicts Proposi-

tion 2.4.10. Hence, we obtain a functor
Avy = A #; (=) : Perv; . (F1) = Pervy,,, . (Fl)

whose image under oblv,, is Avy. Hence, by composing, we obtain
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By, g : DCOhE *Con (NV) — Dy . (F)
In particular, the following diagram commutes

y - (I)JW,gr
DCoh& *Cm (NV) —— Dy o, (F)

oblma l l oblvgr
D5y

DCoh®' (NV) ———— Dy, (Fl)

4.3. Proof of the graded equivalence

With the help of the commutative diagram in Construction 4.2.8, the final equivalence is

relatively easy, mainly building on Theorem 4.1.5 and Theorem 2.4.1.

Lemma 4.3.1. For simple objects &, G € Perv,, (X), if oblv, (F) = oblv,,(9), then

we have F = G(n) for some n.

Proof. We apply Theorem 4.1.5, and obtain

P Hom,,(F, G(n)) = Hom(oblv,,(F), oblv,(3))

nez

Since F and g are simple, so is oblv,, (5) and oblv,, (§). Hence, we have RHS = Q,a
1-dimensional vector space. Thus, exactly one direct summand on LHS is non-trivial, and
is of dimension 1. Assume Hom,, (¥, G(n)) = Q,. Then since G is simple, so is G(n).
Thus we have constructed a non-trivial morphism between simple objects, hence gave an

isomorphism F =~ G(n). O

Proposition 4.3.2. The sheaves AvY (JY )(n) generates the category Dy o (F1) as

a triangulated category.

Proof. Firstly, we recall that Perv ,,,,(F1) is generated by IC, as a triangulated category.
Then, for any sheaf & € Pervy,y . (F1), we consider its filtration F**F with associated
graded simple sheaves in Perv,, (F1). Then, taking oblv,, (F*F), we obtain a filtration
of oblv,, () with associated graded simple objects in Perv(F1). Then, since we have

oblv,, (F) € Perv,,(Fl), the associated graded simple objects must be of the form IC,.

Now, notice oblv,, (ICY) = IC,, so the associated graded piece of gr}. F satisfies
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oblv,, (gry F) = IC,

so by Lemma 4.3.1 we have gr}, & = ICY (n) for some n. Hence, the sheaves ICj (n)
generates Pervyy, . (F1) as a finite length Abelian category, and hence generates
Dy o (F1). Then, this implies that the standard objects A% (n) and costandard objects

V& (n) generate the category by induction on lengths.

Then, we prove the asserted generation. We temporarily write w, for the element in

Wt which is of minimal length in the coset Wy - t. Firstly by definition we have
Oblvgr (Av%llr (Jfr) <n>) = AV\II (J)\)

Thus oblv,, (i}, Av (J§')) = i}, Avg(Jy), so we have the support of Avy (Jy) C FI*
and its stalk at the open strata is of rank 1. We prove that these objects generate the standard
objects. Again we apply induction on lengths. For £(w,) = 0, we have Avg (J§ (n)) =
A (n). Then, suppose these sheaves generate A (n) for all n and ¢(w,) < k. Then for

some A such that w, is of length &k, we consider the triangle
K — A§ (ng) = AV (JY)

where the second arrow is obtained from applying the adjunction ¢, , - iiUA to the iso-
morphism of stalks Wy (AS) [£(wy)](€(wy) + ng) = i, AvG(JY) (We do not yet know
the exact weight of the shifted local system AvY, (J§), so we need such a choice of n;).
Thus, we have K supported in FI* — FI*, so generated by the standards A% (m) with
£(w,) < k. But, by our induction hypothesis, A% (m)’s are generated by J& (m)’s, so K
is generated by J£'(m)’s. Hence, we arrive at a generation of A% (n,) by weight shifted

Wakimoto sheaves, hence a generation of A" (n) for arbitrary n.
A

Thus, we have the desired generation property. O

Lemma 4.3.3. Let X be any Noetherian stack with a G,,-action. We have for any
sheaves F,G € DCoh®n (X) the equality

P Hom popyem (x) (F, G(n)) = Hom pog ) (F, G)

nez

Here G(n) := G ®k_,,, where k_,, denotes the 1-dimensional G,, representation

acting byt : k —k, 1 —>1t7".

Proof. We denote p : X — X /G,, by the projection. Then, by the adjunction p* - p,,

we have
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Hom poon(x)(F, ) == Hom pegyx) (0" F, 0" 9) = Hompconem (x) (5, 0" (9))

where the left equality is by our abuse of notation forgetting the G, ,-equivariance, and

the right equality is by adjunction. Then, by the projection formula, we have
P05 =p.(0x ®p"G) =p.0x® Y

However, since X — X /G,, is a G,,,-torsor, we have

p*OX = @ OX/Gm <n>

nez

Finally, since F is a coherent complex, it is a compact object, so we have

Hom peon(x) (F5 §) = Homp,acenem (x) (F s 20" (9))

= Homyjoonem (x) (7 P s (n))

nez

= HomIndCOth (X) (5[" colim @ 9<’n>>
—N<n<N

N—oo

= colim Hom pcopem (x) (.9’, @ 9(71))

N—oo _N<n<N

= colim @ HomDCOth (X) (.?I, 9(71))
N—oo _N<n<N

= @ HomDCOth (X) (?) 9<n>)

nez

Here we used that finite direct sums are finite products. O
Theorem 4.3.4. There is a monoidal equivalence of categories
By, g : DCOME *Con (NV) = Dy . (F)

Proof. We first prove that this functor is fully faithful. Let #, § € DCoh® *Gm (]7 V),

and we wish to prove
Hom 1 6, (ﬁV)(?ag) - HomDywygr(Fl)((I)ngW(?)a (I)ngW('g))

is an isomorphism. Then, by construction of @, ., we have

@gr,yw(9)<”> = q)gr,7W(9<n>)

This gives the following morphism
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@ Hom 1 6vxe,, (ﬁv)(fa G({n)) = @ HomDyW’gr(Fl)((I)gr,JW(‘?)’ (I)gr,.ﬂ/V(g)(n))

nez nez

By Construction 4.2.8, we have a commutative diagram

qy%V,r
@HochthVxGm (ﬁV)<5p79<”>> —g> @ HomDJW,gr(Fl)(q’gr,yw(?)aq’gr,yw(g)m))
nez nez
oblvg l l oblv,
Q790
HochthV(ﬁV)<?’9) » Homp p)) (@530 (F), Py (9))

The bottom arrow is an isomorphism by Theorem 2.4.1. The vertical arrows are isomor-
phisms by Theorem 4.1.5 and Lemma 4.3.3. Thus the top row is an isomorphism, hence

restricting to isomorphisms in each degree. To sum up, the functor @5,y ,, is fully faithful.

We then prove essential surjectivity. By Proposition 4.3.2, it suffices to show the

image of ®;yy . contains Avy (Jy' )(n), which is evident, since

By (Vo ® ky ® k,) = AV (JF)(—n)

7gr

Thus this functor is an equivalence of categories! (]

78



[1]

[2]

[3]
[4]

[3]
[6]

[7]
[8]
[9]

[10]

[11]
[12]

[13]

[14]

References

KAZHDAN D, LUSZTIG G. Proof of the Deligne-Langlands conjecture for Hecke
algebras[A]. 1987.

CHRISS N, GINZBURG V. Representation theory and complex geometry[M].
1997.

KAZHDAN D, LUSZTIG G. Schubert varieties and Poincaré duality[A]. 1980.

BEZRUKAVNIKOV R. On two geometric realizations of an affine Hecke alge-
bra[A]. 2016.

DHILLON G, TAYLOR J. Tame local Betti geometric Langlands[A]. 2025.

ARKHIPOV S, BEZRUKAVNIKOYV R. Perverse sheaves on affine flags and Lang-
lands dual group[A]. 2009.

ACHAR P N, RICHE S. Central sheaves on affine flag varieties[M]. 2025.
HO Q P, LI P. Revisiting mixed geometry[A]. 2022.

ZHU X. An introduction to affine Grassmannians and the geometric Satake equiv-
alence[A]. 2016.

GAITSGORY D. Construction of central elements in the affine Hecke algebra via
nearby cycles[A]. 1999.

BEILINSON A, BERNSTEIN J, DELIGNE P, et al. Faisceaux pervers[M]. 2018.

BEILINSON A, GINZBURG V, SOERGEL W. Koszul duality patterns in represen-
tation theory[A]. 1996.

BEILINSON A, BEZRUKAVNIKOV R, MIRKOVIC I. Tilting exercises[A]. 2003.

BROER B. Line bundles on the cotangent bundle of the flag variety[A]. 1993.

79



80



Acknowledgements

First of all, I would like to extend my sincere gratitude to my teachers, especially my
advisor, Professor Penghui Li, who introduced me to this wonderful problem in geometric
Langlands theory and guided me through it. Moreover, [ would like to thank Professor Lin
Chen, who first introduced me to geometric representation theory through his fantastic
introductory course. Furthermore, I would like to thank Professor Koji Shimizu for his
excellent course on étale cohomology, which gave me a clear introduction to the theory

of /-adic sheaves and weights, a theory of fundamental importance in this paper.

I would also like to express my heartfelt thanks to my friends. I would like to thank
Mingyu Bai, Zhixing Huang, Jinyi Wang, and Jianyu Ren for their help with representation
theory; Zixi Li, Hanqi Wang, Zikai Dong, and Yuxuan Li for their help with algebraic
geometry and category theory; and Jie Yang and Fanyi Li for their help with number
theory and the Langlands program. Without the helpful conversations I had with them,
the completion of this essay would not have been as smooth. Additionally, I would like
to thank the Al assistants ChatGPT, Gemini, and DeepSeek, which answered many basic
questions of mine and guided me through the early parts of many unfamiliar subjects.
Last but not least, I would like to thank the typesetting system Typst, which provided
a comfortable experience for writing this paper, and I must thank Zixi Li especially for

sharing his template with me.

This paper is dedicated to my parents, who have always supported me in pursuing
my interests and have been a great source of encouragement throughout my academic

journey. I am deeply grateful for their unwavering love and support.

81



82



i
ANFBEFEW]: PrE2EZMERE R ORI, —ANE ST T, JOL T
WEC AR TSRO ER » RIFTRL, Brocrh M 5l N &4, AR SCIwt st

PR A EATAT N A BERI N2 . AR ST A R 58 TAE M STk i)
Al A NAEEAR, 2 A SCR DL 5 5

TE& 24

H 3

83



	Chapter 1  Introduction
	1.1. Historical remarks
	1.2. Main results
	1.3. Conventions

	Chapter 2  Sheaf theory
	2.1. The affine flag variety and I-equivariant sheaves
	2.2. Gaitsgory's central functor
	2.3. The Wakimoto filtration
	2.4. The Iwahori–Whittaker sheaves
	2.5. Hecke algebras

	Chapter 3  Constructing and proving the equivalence
	3.1. The de-equivariantization principle
	3.2. The construction of the functor Φ
	3.3. Tilting sheaves
	3.4. The proof of the final equivalence

	Chapter 4  The graded setting
	4.1. Remarks on graded sheaves
	4.2. The construction of the graded functor
	4.3. Proof of the graded equivalence

	 Acknowledgements
	 声明

